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1. Introduction 

The algebraic groups of the title are the group schemes of finite type over 
a field; they occur in many questions of algebraic geometry, number theory and 
representation theory. To analyze their structure, one seeks to build them up from 
algebraic groups of a specific geometric nature, such as smooth, connected, affine, 
proper... A first result in this direction asserts that every algebraie group G has 
a largest connected normal subgroup scheme , the quotient G/G^ is finite and 
etale, and the formation of commutes with field extensions. The main goal of 
this expository text is to prove two more advanced structure results: 

Theorem 1. Every algebraic group G over a field k has a smallest normal 
subgroup scheme H such that the quotient G/H is affine. Moreover, H is smooth, 
connected and contained in the center ofG^; in particular, H is commutative. Also, 
0{H) = k and H is the largest subgroup scheme of G satisfying this property. The 
formation of H commutes with field extensions. 

Theorem 2. Every algebraic group G over k has a smallest normal subgroup 
scheme N such that G/N is proper. Moreover, N is affine and connected. If k is 
perfect and G is smooth, then N is smooth as well, and its formation commutes 
with field extensions. 

In particular, every smooth connected algebraic group over a perfect held is an 
extension of an abelian variety (i.e., a smooth connected proper algebraic group) 
by a smooth connected algebraic group which is affine, or equivalently linear. Both 
building blocks, abelian varieties and linear algebraic groups, have been extensively 
studied; see e.g. the books |41j for the former, and [3 He] for the latter. 

Also, every algebraic group over a held is an extension of a linear algebraic 
group by an anti-affine algebraic group H, i.e., every global regular function on 
H is constant. Clearly, every abelian variety is anti-affine; but the converse turns 
out to be incorrect, unless k is algebraic over a hnite held (see H5.5|l . Still, the 
structure of anti-affine groups over an arbitrary held can be reduced to that of 
abelian varieties; see unmu and also US.51 again. 

As a consequence, taking for G an anti-affine group which is not an abelian 
variety, one sees that the natural maps H —>■ G/N and N —>■ G/H are generally 
not isomorphisms with the notation of the above theorems. But when G is smooth 
and connected, one may combine these theorems to obtain more information on its 
structure, see EH 
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The above theorems have a long history. Theorem [T] was first obtained by 
Rosenlicht in 1956 for smooth connected algebraic groups, see |48L Sec. 5]. The 
version presented here is due to Demazure and Gabriel, see |22L III.3.8]. In the 
setting of smooth connected algebraic groups again. Theorem [2] was announced by 
Chevalley in the early 1950’s. But he published his proof in I960 only (see ini), 
as he had first to build up a theory of Picard and Albanese varieties. Meanwhile, 
proofs of Chevalley’s theorem had been published by Barsotti and Rosenlicht (see 
[4], and [481 Sec. 5] again). The present version of Theorem [5] is a variant of a 
result of Raynaud (see [471 IX.2.7]). 

The terminology and methods of algebraic geometry have much evolved since 
the 1950’s; this makes the arguments of Barsotti, Chevalley and Rosenlicht rather 
hard to follow. For this reason, modern proofs of the above results have been 
made available recently: first, a scheme-theoretic version of Chevalley’s proof of 
his structure theorem by Conrad (see |18j i: then a version of Rosenlicht’s proof for 
smooth connected algebraic groups over algebraically closed fields (see [1^ Chap. 2] 
and also |40jl. 

In this text, we present scheme-theoretic proofs of Theorems [T] and O with 
(hopefully) modest prerequisites. More specifically, we assume familiarity with the 
contents of Chapters 2 to 5 of the book [35] , which will be our standard reference 
for algebraic geometry over an arbitrary field. Also, we do not make an explicit use 
of sheaves for the fpqc or fppf topology, even if these notions are in the background 
of several arguments. 

To make the exposition more self-contained, we have gathered basic notions 
and results on group schemes over a field in Section [21 referring to the books [22] 
and [SGA3] for most proofs. Section [3] is devoted to the proof of Theorem IH 
and Section [4] to that of Theorem |2l Although the statements of both theorems 
are very similar, the first one is actually much easier. Its proof only needs a few 
preliminary results: some criteria for an algebraic group to be affine 1 113.1|) . the 
notion of affinization of a scheme f H3.2ll and a version of the rigidity lemma for 
“anti-affine” schemes f il3.3l) . In contrast, the proof of Theorem|2]is based on quite 
a few results on abelian varieties. Some of them are taken from [41j . which will 
be our standard reference on that topic; less classical results are presented in S M.ll 
and 14.21 

Section [5] contains applications and developments of the above structure the¬ 
orems, in several directions. We begin with the Rosenlicht decomposition, which 
reduces somehow the structure of smooth connected algebraic groups to the linear 
and anti-affine cases (Q. We then show in H5.2I that every homogeneous space 
admits a projective equivariant compactification. 115.31 gathers some known results 
on the structure of commutative algebraic groups. In 115.41 we provide details on 
semi-abelian varieties, i.e., algebraic groups obtained as extensions of an abelian 
variety by a torus; these play an important role in various aspects of algebraic and 
arithmetic geometry. 115.51 is devoted to the classification of anti-affine algebraic 
groups, based on results from 1) 115.31 and 15.41 The final 1 15.61 contains developments 
on algebraic groups in positive characteristics, including a recent result of Totaro 
(see [571 §2]). 

Further applications, of a geometric nature, are presented in Sections [S] and jT] 
We give a brief overview of the Picard schemes of proper schemes in 116.11 referring 
to [31] for a detailed exposition. 116.21 is devoted to structure results for the Picard 
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variety of a proper variety X, in terms of the geometry of X. Likewise, il 7. II surveys 
the automorphism group schemes of proper schemes. il7.21 presents a useful descent 
property for actions of connected algebraic groups. In the final >17.31 based on [llj . 
we show that every smooth connected algebraic gronp over a perfect held is the 
connected automorphism group of some normal projective variety. 

Each section ends with a paragraph of notes and references, which also contains 
brief presentations of recent work, and some open questions. A general problem, 
which falls out of the scope of these notes, asks for a version of Theorem [5] in 
the setting of group schemes over (say) discrete valuation rings. A remarkable 
analogue of Theorem [T] has been obtained by Raynaud in that setting (see |SGA31 
VIB.12.10]). But Chevalley’s structure theorem admits no direct generalization, 
as abelian varieties degenerate to tori. So hnding a meaningful analogue of that 
theorem over a ring of formal power series is already an interesting challenge. 

Notation and conventions. Throughout this text, we hx a ground held k with 
algebraic closure k; the characteristic of k is denoted by char(fc). 

We denote by kg the separable closure of A: in fc and by T the Galois group of kg 
over k. Also, we denote by ki the perfect closure of k in k, i.e., the largest subheld 
of k that is purely inseparable over k. If char(fc) = 0 then kg = k and ki = fc; if 
char(A:) = p > 0 then kt = lJn>o 

We consider separated schemes over Spec(fc) unless otherwise stated; we will 
call them fc-schemes, or just schemes if this creates no confusion. Morphisms and 
products of schemes are understood to be over Spec(fc). For any A:-scheme X, we 
denote by 0{X) the fc-algebra of global sections of the structure sheaf Ox- Given 
a held extension K of k, we denote the AT-scheme X x Spec(Ar) by Xk- 

We identify a scheme X with its functor of points that assigns to any scheme 
S the set A(S') of morphisms f : S ^ X. When S is affine, i.e., S = Spec(i?) for 
an algebra R, we also use the notation X{R) for X{S). In particular, we have the 
set X{k) of k-rational points. 

A variety is a geometrically integral scheme of hnite type. The function held 
of a variety X will be denoted by k{X). 


2. Basic notions and results 

2.1. Group schemes. 

Definition 2.1.1. A group scheme is a scheme G equipped with morphisms 
m:GxG^G,i-G^G and with a fc-rational point e, which satisfy the following 
condition: 

For any scheme S, the set G{S) is a group with multiplication map m{S), 
inverse map i{S) and neutral element e. 

This condition is equivalent to the commutativity of the following diagrams: 


GxGxG 


mxid 


GxG 


id X 771 


m 


GxG 


m 


G 
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(i.e., m is associative), 


G^GxG^G 


id 


id 


G 


(i.e., e is the neutral element), and 


gJ^GxG^G 


eof 


eof 


G 


(i.e., i is the inverse map). Here f : G ^ Spec(fc) denotes the structure map. 

We will write for simplicity m(x,y) = xy and i{x) = x~^ for any scheme S and 
points x,y G G{S). 

Remarks 2.1.2. (i) For any fc-group scheme G, the base change under a field 
extension K oi k yields a iF-group scheme Gk- 

(ii) The assignment S i—>■ G'(S') defines a group functor, i.e., a contravariant 
functor from the category of schemes to that of groups. In fact, the group schemes 
are exactly those group functors that are representable (by a scheme). 

(iii) Some natural group functors are not representable. For example, consider 
the functor that assigns to any scheme S the group Pic(5') of isomorphism classes 
of invertible sheaves on S, and to any morphism of schemes f : S' ^ S, the pull¬ 
back map /* : Pic(S') —>■ Pic(S"). This yields a commutative group functor that 
we still denote by Pic. For any local ring R, we have Pic(Spec(i?)) = 0. If Pic 
is represented by a scheme X, then every morphism Spec(i?) —> X is constant 
for R local; hence every morphism S ^ X is locally constant. As a consequence, 
Pic(P^) = Hom(P^, A) = 0, a contradiction. 

Definition 2.1.3. Let G be a group scheme. A subgroup scheme of G is a 
(locally closed) subscheme H such that H{S) is a subgroup of G{S) for any scheme 
S. We say that H is normal in G, if H{S) is a normal subgroup of G{S) for any 
scheme S. We then write H < G. 


Definition 2.1.4. Let G, H be group schemes. A morphism f : G ^ H is 
called a homomorphism if f{S) : G{S) —^ H(S) is a group homomorphism for any 
scheme S. 

The kernel of the homomorphism / is the group functor Ker(/) such that 
Ker(/)(S') = Ker(/(5') : G{S) —^ H{S)). It is represented by a closed normal 
subgroup scheme of G, the fiber of / at the neutral element of H. 

Definition 2.1.5. An algebraic group over k is a, fc-group scheme of finite type. 

This notion of algebraic group is somewhat more general than the classical one. 
More specifically, the “algebraic groups defined over fc” in the sense of [3 [56] are 
the geometrically reduced fc-group schemes of finite type. Yet both notions coincide 
in characteristic 0, as a consequence of the following result of Cartier: 

Theorem 2.1.6. When char(fc) = 0, every algebraic group over k is reduced. 

Proof. See |22l 11.6.1.1] or |SGA3l VIB.1.6.1]. A self-contained proof is given 
in [H p. 101]. □ 
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Example 2.1.7. The additive group Ga is the affine line equipped with the 
addition. More specifically, we have m{x,y) = x + y and i{x) = —x identically, and 
e = 0. 

Consider a subgroup scheme H C Gq. li H ^ Ga, then H is the zero scheme 
V{P) for some non-constant polynomial P G 0(Ga) = k[x\\ we may assume that 
P has leading coefficient 1. We claim that P is an additive polynomial^ i.e., 

P{x + y) = P{x) + P{y) 

in the polynomial ring /c[a;, 2 /]. 

To see this, note that T’(O) = 0 as 0 G H{k), and 

Pix + y) G {P{x),P{y)) 

(the ideal of k[x,y] generated by P{x) and P{y)), as the addition Ga x Go ^ Go 
sends H x H to H. Thus, there exist A{x,y), B{x,y) G k[x,y] such that 

P{x + y)- P{x) - P{y) = A{x, y) P{x) + B{x, y) P(y). 

Dividing A(x,y) by P(i/), we may assume that Aegy A{x,y) < deg(P) with an 
obvious notation. Since degy(P(x -I- y) — P(x) — P{y)) < deg(P), it follows that 
B = 0. Likewise, we obtain A = 0; this yields the claim. 

We now determine the additive polynomials. The derivative of any such poly¬ 
nomial P satisfies P'{x + y) = P'{x), hence P' is constant. When char(fc) = 0, we 
obtain P{x) = ax for some a G k, hence P is just the (reduced) point 0. Alterna¬ 
tively, this follows from Theorem 12.1.61 since H(k) is a finite subgroup of (k,+), 
and hence is trivial. 

When char(fc) = p > 0, we obtain P{x) = oqx + Pi{x^), where Pi is again an 
additive polynomial. By induction on deg(P), it follows that 

P(x) = oqX + aix^ -I- • ■ • 

for some positive integer n and oq, ... ,an G k. As a consequence, Ga has many 
subgroup schemes in positive characteristics; for example, 

apn :=VixP'‘) 

is a non-reduced subgroup scheme supported at 0. 

Note finally that the additive polynomials are exactly the endomorphisms of 
Ga, and their kernels yield all subgroup schemes of that group scheme (in arbitrary 
characteristics). 

Example 2.1.8. The multiplicative group Gm is the punctured affine line A^\0 
equipped with the multiplication: we have m(x, y) = xy and i(x) = x~^ identically, 
and e = 1. 

The subgroup schemes of Gm turn out to be Gm and the subschemes 

yn := v(x^ - 1 ) 

of nth roots of unity, where n is a positive integer; these are the kernels of the 
endomorphisms x i-A x" of Gm- Moreover, is reduced if and only if n is prime 
to char(fc). 

Example 2.1.9. Given a vector space E, the general linear group GL(E) is the 
group functor that assigns to any scheme S, the automorphism group of the sheaf 
of Os-modules Os <^k V- When V is of finite dimension n, the choice of a basis 
identifies V with /c" and GL(E)(S') with GL„(0(5')), the group of invertible n x n 
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matrices with coefficients in the algebra 0{S). It follows that GL(y) is represented 
by an open affine subscheme of the affine scheme A" (associated with the linear 
space of n X n matrices), the complement of the zero scheme of the determinant. 
This defines a group scheme GL„, which is smooth, connected, affine and algebraic. 

Definition 2.1.10. A group scheme is linear if it is isomorphic to a closed 
subgroup scheme of GLji for some positive integer n. 

Clearly, every linear group scheme is algebraic and affine. The converse also 
holds, see Proposition 13.1.11 below. 

Some natural classes of group schemes arising from geometry, such as auto¬ 
morphism group schemes and Picard schemes of proper schemes, are generally not 
algebraic. Yet they turn out to be locally of finite type; this motivates the following: 

Definition 2.1.11. A locally algebraic group over A: is a fc-group scheme, locally 
of finite type. 

Proposition 2.1.12. The following eonditions are equivalent for a locally al¬ 
gebraic group G with neutral element e: 

(1) G is smooth. 

(2) G is geometrically reduced. 

(3) Gfc is reduced at e. 

Proof. Clearly, (l)=j>(2)=>(3). We now show that (3)=>(1). For this, we may 
replace G with and hence assume that k is algebraically closed. 

Observe that for any g G G(fc), the local ring Oc,g is isomorphic to Oc,e as 
the left multiplication by g in G is an automorphism that sends e to g. It follows 
that Oc,g is reduced; hence every open subscheme of finite type of G is reduced as 
well. Since G is locally of finite type, it must be reduced, too. Thus, G contains a 
smooth fc-rational point g. By arguing as above, we conclude that G is smooth. □ 

2.2. Actions of group schemes. 

Definition 2.2.1. An action of a group scheme G on a scheme A is a morphism 
a : G X X ^ X such that the map a(S') yields an action of the group G(S') on the 
set A (S'), for any scheme S. 

This condition is equivalent to the commutativity of the following diagrams: 

GxGxA^GxA 

idxa CL 

G X A-2-^ A 


(i.e., a is “associative”), and 


A 


exid 


G X A 



A 


(i.e., the neutral element acts via the identity). 

We may view a G-action on A as a homomorphism of group functors 

a : G —> Autx, 
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where Autx denotes the automorphism group functor that assigns to any scheme 
S, the group of automorphisms of the S'-scheme X x S. The A-points of Autx are 
those morphisms f : X x S ^ X such that the map 

f xp 2 -. X X S — > X X S, {x,s) I — S- {f{x, s), s) 

is an automorphism of Ai x S'; they may be viewed as families of automorphisms of 
X parameterized by S. 

Definition 2.2.2. A scheme X equipped with an action a of G will be called 
a G-scheme; we then write for simplicity a{g,x) = g ■ x ioi any scheme S and 
g e G(S), a: G X{S). 

The action is trivial if a is the second projection p 2 '■ G x X ^ X] equivalently, 
g ■ x = X identically. 

Remark 2.2.3. For an arbitrary action a, we have a commutative triangle 

G xX—^Gx X 

P2 

X, 



where u{g,x) := {g,a{g,x)). Since u is an automorphism (with inverse the map 
{g,x) i-A {g,a{g~^,x))), it follows that the morphism a shares many properties of 
the scheme G. For example, a is always faithfully flat; it is smooth if and only if G 
is smooth. 

In particular, the multiplication m : G x G —>■ G is faithfully flat. 


Definition 2.2.4. Let X, Y be G-schemes with actions a, b. A morphism of 
G-schemes (p ■. X ^ Y is a morphism of schemes such that the following square 
commutes: 


GxX 


■X 


idX(/? 


G X r ■ 


Y. 


In other words, ip{g ■ x) = g • p(x) identically; we then say that p is G-eguivariant. 
When Y is equipped with the trivial action of G, we say that p is G-invariant. 


Definition 2.2.5. Let A" be a G-scheme with action a, and Y a closed sub¬ 
scheme of X. 

The normalizer (resp. centralizer) of T in G is the group functor Ng(F) (resp. 
Cg{Y)) that associates with any scheme S, the set of those g G G{S) which induce 
an automorphism of T x S' (resp. the identity of T x S). 

The kernel of a is the centralizer of X in G, or equivalently, the kernel of the 
corresponding homomorphism of group functors. 

The action a is faithful if its kernel is trivial; equivalently, for any scheme S, 
every non-trivial element of G(S) acts non-trivially on A1 x S. 

The fixed point functor of X is the subfunctor AT® that associates with any 
scheme S, the set of all x G Ar(S) such that for any S-scheme S' and any g G G(S'), 
we have g ■ x = x. 


Theorem 2.2.6. Let G be a group scheme acting on a scheme X. 
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(1) The normalizer and centralizer of any closed subscheme Y C X are rep¬ 
resented by closed subgroup schemes of G. 

(2) The functor of fixed points is represented by a closed subscheme of X. 

Proof. See [22l ILl.3.6] or [SQA31 VIB.6.2.4]. □ 

In particular, Ng(P) is the largest subgroup scheme of G that acts on Y, and 
Cg(P) is the kernel of this action. Moreover, X^ is the largest subscheme of X on 
which G acts trivially. We also say that Ng(P) stabilizes Y, and Cg(P) fixes Y 
pointwise. 

When Y is just a fc-rational point x, we have Ng(F) = CcfY) =: Cg{x). This 
is the stabilizer of x in G, which is clearly represented by a closed subgroup scheme 
of G: the fiber at x of the orbit map 

Ox : G —5- X, g i —g ■ x. 

We postpone the definition of orbits to H2.71 where homogeneous spaces are intro¬ 
duced; we now record classical properties of the orbit map: 

Proposition 2.2.7. Let G be an algebraic group acting on a scheme of finite 
type X via a. 

(1) The image of the orbit map Ox is locally closed for any closed point x € X. 

(2) If k is algebraically closed and G is smooth, then there exists x € X(fc) 
such that the image of Ox is closed. 

Proof. (1) Consider the natural map tt : Xj. X. Since tt is faithfully flat 
and quasi-compact, it suffices to show that 7r“^(aa;(G)) is locally closed (see e.g. 
[EGAl IV.2.3.12]). As TT ^(aa;(G)) is the image of the orbit map iax)k, we may 
assume k algebraically closed. Then ax{G) is constructible, and hence contains a 
dense open subset U of its closure. The pull-back af^iU) is a non-empty open 
subset of the underlying topological space of G; hence that space is covered by 
the translates gaf^{U), where g € G{k). It follows that ax{G) is covered by the 
translates gU, and hence is open in its closure. 

(2) Choose a closed G-stable subscheme Y C X oi minimal dimension and let 
X e V(fc). If ax{G) is not closed, then Z := ax{G) \ ax{G) (equipped with its 
reduced subscheme structure) is a closed subscheme of Y, stable by G{k). Since 
the normalizer of Z is representable and G(fc) is dense in G, it follows that Z is 
stable by G. But dim(Z) < dim(aa;(G)) < dim(V), a contradiction. □ 

Example 2.2.8. Every group scheme G acts on itself by left multiplication, via 
A : G X G —> G, {x, y) i —> xy. 

It also acts by right multiplication, via 

p-.GxG —^ G, (a;, y) I — ^ yx~^ 

and by conjugation, via 

Int : G X G —G, (x, y) i— xyx~^. 

The actions A and p are both faithful. The kernel of Int is the center of G. 

Definition 2.2.9. Let G, H be two group schemes and a : G x iJ —>• an 

action by group automorphisms, i.e., we have 5 • (/ 11 / 12 ) = (5 • ^i)(ff ■ ^ 2 ) identically. 
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The semi-direct product GkH is the scheme GxH equipped with the multiplication 
such that 

{g,h)-{g',h') = {gg',{g'-^-h)h'), 

the neutral element ec x ch, and the inverse such that {g, h)~^ = {g~^,g ■ h~^). 

By using the Yoneda lemma, one may readily check that G x H is a group 
scheme. Moreover, H (identified with its image in GxH under the closed immersion 
h I—>■ (ec, h)) is a closed normal subgroup scheme, and G (identified with its image 
under the closed immersion g i—>■ {g,eH)) is a closed subgroup scheme having a 
retraction 

r :G X H —> G, {g,h)\—> g 

with kernel H. The given action of G on iJ is identified with the action by conju¬ 
gation in G K iJ. 

Remarks 2.2.10. (i) With the above notation, G is a normal subgroup scheme 
of G K i? if and only if G acts trivially on H. 

(ii) Conversely, consider a group scheme G and two closed subgroup schemes 
N, H oi G such that H normalizes N and the inclusion of i? in G admits a 
retraction r : G ^ H which is a homomorphism with kernel N. Form the semi- 
direct product H X N, where H acts on N by conjugation. Then one may check 
that the multiplication map 

H X N —G, {x, y) I —xy 

is an isomorphism of group schemes, with inverse being the morphism 
G — >HxN, 2 1 —s- (r( 2 ), r{z)-'^z). 

2.3. Linear representations. 

Definition 2.3.1. Let G be a group scheme and V a vector space. A linear 
representation p of G in V is a homomorphism of group functors p : G ^ GL(IX). 
We then say that C is a G-module. 

More specifically, p assigns to any scheme S and any g S G(S'), an automor¬ 
phism p{g) of the sheaf of Gg-modules Os tSik V, functorially on S. Note that p{g) 
is uniquely determined by its restriction to V (identified with 1 (g)fe R C 0{S) (Sik V, 
where 1 denotes the unit element of the algebra 0{S)), which yields a linear map 
V ^ G(^) 0k Y. 

A linear subspace IT C R is a G-submodule if each p{g) normalizes Os 0k W. 
More generally, the notions of quotients, exact sequences, tensor operations of linear 
representations of abstract groups extend readily to the setting of group schemes. 

Examples 2.3.2. (i) When T = fc” for some positive integer n, a linear rep¬ 
resentation of G in T is a homomorphism of group schemes p : G —>■ GL„ or 
equivalently, a linear action of G on the affine space A”. 

(ii) Let X be an affine G-scheme with action a. For any scheme S and g S G{S), 
we define an automorphism p{g) of the Gg-algebra Os 0k 0{X) by setting 

P{9)if) ■= f°aig-^) 

for any / G 0(X). This yields a representation p of G in 0{X), which uniquely 
determines the action in view of the anti-equivalence of categories between aSine 
schemes and algebras. 
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For instance, if G acts linearly on a finite-dimensional vector space V, then 
0{V) = Sym(y*) (the symmetric algebra of the dual vector space) as G-modules. 

(iii) More generally, given any G-scheme X, one may define a representation 
p of G in 0{X) as above. But in general, the G-action on X is not uniquely 
determined by p. For instance, if X is a proper G-variety, then 0(X) = k and 
hence p is trivial. 

Lemma 2.3.3. Let X, Y he quasi-compact schemes. Then the map 
0{X) (g>k 0{Y) —^ 0{X X y), / (8> 5 I— {{x, y) i-A f{x) g{y)) 

is an isomorphism of algebras. In particular, we have a canonical isomorphism 

0{X) i^kR^ 0 {Xh) 
for any quasi-compact scheme X and any algebra R. 

Proof. The assertion is well-known when X and Y are affine. 

When X is affine and Y is arbitrary, we may choose a finite open covering 
{Vi)i<i<n of Y ; then the intersections VinVj are affine as well. Also, we have an 
exact sequence 

Q ^ 0{Y) 

where dY{{fi)i) := {fi\vinVj - fj\vinVj)i,j- Tensoring with 0{X) yields an exact 
sequence 

0 ^ G(X) OiY) ^ n G(X X Vi) Y[ 0(X x (V n V,)), 

i i,j 

where dx,Y is defined similarly. Since the X x form an open covering of X x F, 
the kernel of dx,Y is 0{X x Y); this proves the assertion in this case. 

In the general case, we choose a finite open affine covering {Ui)i<i<m of X and 
obtain an exact sequence 

O^O(X) (8)fc 0{Y) ^Y[OiU, xY) ^Y[omnUj) xY), 

i ip 

by using the above step. The assertion follows similarly. □ 

The quasi-compactness assumption in the above lemma is a mild finiteness 
condition, which is satisfied e.g. for affine or noetherian schemes. 

Proposition 2.3.4. Let G he an algebraic group and X a G-scheme of finite 
type. Then the G-module 0{X) is the union of its finite-dimensional submodules. 

Proof. The action map a : G x X ^ X yields a homomorphism of algebras 
: 0(X) -p 0{G x X). In view of Lemma [2.3.31 we may view as a homo¬ 
morphism 0(X) -p 0(G) G{X). Choose a basis (tpi) of the vector space 0{G). 

Then for any / G 0{X), there exists a family (fi) of elements of 0{X) such that 
fi ^ 0 for only finitely many I’s, and 

= '^Ti® fi- 

i 

Thus, we have identically 
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Applying this to the action of G on itself by left multiplication, we obtain the 
existence of families {tpij)j of elements of 0{G) such that 7 ^ ^ 0 for only 

hnitely many j’s, and 

j 

identically on G x G. It follows that 

P{9)pih){f) =Y^li3{g~^)lpr3{h-^) fl¬ 
ip 

As a consequence, the span of the ffs in 0{G) is a finite-dimensional G-submodule, 
which contains / = ipiis) fi. □ 

Proposition 2.3.5. Let G be an algebraic group and X an affine G-scheme 
of finite type. Then there exists a finite-dimensional G-module V and a closed 
G-equivariant immersion i ■. X . 

Proof. We may choose finitely many generators /i,...,/„ of the algebra 
0{X). By Proposition 12.3.41 each fi is contained in some finite-dimensional G- 
submodule Wi C 0{X). Thus, W := IPi -I- • • ■ -I- Wn is a finite-dimensional 
G-submodule of 0(X), which generates that algebra. This defines a surjective 
homomorphism of algebras Sym(lT) -P G(A), equivariant for the natural action of 
G on Sym(bP). In turn, this yields the desired closed equivariant immersion. □ 

Examples of linear representations arise from the action of the stabilizer of a 
fc-rational point on its infinitesimal neighborhoods, which we now introduce. 

Example 2.3.6. Let G be an algebraic group acting on a scheme X via a and 
let E C A be a closed subscheme. Eor any non-negative integer n, consider the nth 
infinitesimal neighborhood Y(„) of Y in X] this is the closed subscheme of X with 
ideal sheaf 1^^, where Xy C Ox denotes the ideal sheaf of Y. The subschemes 
Y(„) form an increasing sequence, starting with y(o) = Y. 

Next, assume that G stabilizes Y. Then a~^{Y) =pf^{Y), and hence 

= P2^{'Iy)Ogxx- 

It follows that 

a-^{I'f+^)OGxx = Pf\T'f-^^)OGxx- 

Thus, a“^(Y(„)) = P^^(E(ra)), i-C., G stabilizes y(„) as well. 

As a consequence, given a (say) locally noetherian G-scheme X equipped with 
a fc-rational point x = Spec(Gx,x/tTi 2 :), the algebraic group Gg{x) acts on each 
infinitesimal neighborhood = Spec(Gx,a:/Tn”^^), which is a finite scheme sup¬ 
ported at X. This yields a linear representation pn of G on Ox,x/vYf^^ by algebra 
automorphisms. In particular, CG(a;) acts linearly on and hence on the 

Zariski tangent space, Tx{X) = (m^^/m^)*. 

Applying the above construction to the action of G on itself by conjugation, 
which fixes the point e, we obtain a linear representation of G in g := Te(G), called 
the adjoint representation and denoted by 
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This yields in turn a linear map 

ad := dAde : 0 —End( 0 ) 

(where the right-hand side denotes the space of endomorphisms of the vector space 
0 ), and hence a bilinear map 

[, ] : 0 X 0 — 0 , {x,y)> —ad(x)(i/). 

One readily checks that [x,x\ = 0 identically; also, [, ] satisfies the Jacobi identity 
(see e.g. |221 II.4.4.5]). Thus, ( 0 , [, ]) is a Lie algebra, called the Lie algebra of G; 
we denote it by Lie(G). 

Denote by Tq the tangent sheaf of G, i.e., the sheaf of derivations of Oq- By 
[22[ 11.4.4.6], we may also view Lie(G) as the Lie algebra H°{G, Tq)^ = Der^iOa) 
consisting of those global derivations of Oq that are invariant under the G-action 
via right multiplication; this induces an isomorphism 

Tg — Og Lie(G). 

We have dim(G) < dimLie(G) with equality if and only if G is smooth, as follows 
from ProDOsition l2.1.1^ Also, every homomorphism of algebraic groups f : G ^ H 
differentiates to a homomorphism of Lie algebras 

Lie(/) := df^c ■ Lie(G) —^ Lie(iL). 

More generally, every action a of G on a scheme X yields a homomorphism of Lie 
algebras 

Lie(a) : Lie(G) —^ H°{X,Tx) = Der(Ox) 

(see [ 22 I 11.4.4]). 

When char(fc) = p > 0, the pth power of any derivation is a derivation; this 
equips Lie(G) = Iiev‘^{OG) with an additional structure oip-Lie algebra, also called 
restricted Lie algebra (see [221 11.7.3]). This structure is preserved by the above 
homomorphisms. 

2.4. The neutral component. Recall that a scheme X is etale (over Spec(fc)) 
if and only if its underlying topological space is discrete and the local rings of X 
are finite separable extensions of k (see e.g. |221 1.4.6.1]). In particular, every etale 
scheme is locally of finite type. Also, X is etale if and only if the fc^-scheme Xk^ is 
constant; moreover, the assignment X i-A- X{ks) yields an equivalence from the cat¬ 
egory of etale schemes (and morphisms of schemes) to that of discrete topological 
spaces equipped with a continuous action of the Galois group T (and T-equivariant 
maps); see [221 1.4. 6 .2, 1.4. 6 .4]. 

Next, let X be a scheme, locally of finite type. By [221 1.4. 6 .5], there exists an 
etale scheme 7ro(X) and a morphism 

7 = : X —7ro(X) 

such that every morphism of schemes f : X ^ Y, where Y is etale, factors uniquely 
through 7 . Moreover, 7 is faithfully flat and its fibers are exactly the connected 
components of X. The formation of the seheme of connected components 7ro(X) 
commutes with field extensions in view of |22[ 1.4. 6 .7]. 
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As a consequence, given a morphism of schemes f : X ^ Y, where X and Y 
are locally of finite type, we obtain a commutative diagram 




Y 


lx 


lY 


^o(n, 


where 7 ro(/) is uniquely determined. Applying this construction to the two pro¬ 
jections Pi : X X Y X, p2 : X X Y Y, we obtain a canonical morphism 
T^oiX X y) —)> 7ro(Ar) X 7ro(y), which is in fact an isomorphism (see [221 1.4.6.10]). 
In particular, the formation of the scheme of connected components commutes with 
finite products. 

It follows easily that for any locally algebraic group scheme G, there is a unique 
group scheme structure on 7 ro(G) such that 7 is a homomorphism. Moreover, given 
an action a of G on a scheme X, locally of finite type, we have a compatible action 
7ro(a) of 7ro(G) on 7ro(X). 

Theorem 2.4.1. Let G be a locally algebraie group and denote by G° the con¬ 
nected component of e in G. 

(1) G° is the kernel of "f : G ^ ttq{G). 

(2) The formation of G° commutes with field extensions. 

(3) G'^ is a geometrically irreducible algebraic group. 

(4) The connected components of G are irreducible, of finite type and of the 
same dimension. 


Proof. (1) This holds as the fibers of 7 are the connected components of G. 

(2) This follows from the fact that the formation of 7 commutes with field 
extensions. 

(3) Consider first the case of an algebraically closed field k. Then the reduced 
neutral component G^^^ is smooth by Proposition 12.1.121 and hence locally irre¬ 
ducible. Since G°gj is connected, it is irreducible. 

Returning to an arbitrary ground field, G° is geometrically irreducible by (2) 
and the above step. We now show that G° is of finite type. Choose a non-empty 
open subscheme of finite type G C G°; then U is dense in G°. Consider the 
multiplication map of G^, and its pull-back 

n-.UxU ^G°. 

We claim that n is faithfully flat. 

Indeed, n is flat by Remark [2.2.31 To show that n is surjective, let g G G^{K) 
for some field extension K oi k. Then Uk gi{UK) is non-empty, since Gf^ is 
irreducible. Thus, there exists a field extension L oi k and x,y £ U{L) such that 
g = xy~^. This yields the claim. 

By that claim and the quasi-compactness oi U x U, we see that G° is quasi¬ 
compact as well. But G° is also locally of finite type; hence it is of finite type. 

(4) Let X C G be a connected component. Since G is locally of finite type, we 
may choose a closed point x £ X; then the residue field k(x) is a finite extension 
of k. Thus, we may choose a field extension K of k{x), which is finite and stable 
under Autfc(K(a;)). The structure map tt : Xk —>■ X is finite and faithfully flat, 
hence open and closed; moreover, every point x' of tt~^{x) is X-rational (as k{x') 
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is a quotient field of K 0k k{x)). Thus, the fiber of at x' is the translate 
x'G^ (since is a connected component of Gk and contains e). As a 

consequence, tt{x'G^) is irreducible, open and closed in G, and contains 7r(x') = x; 
so Tr{x'G^) = X. This shows that X is irreducible of dimension dim(G°). To check 
that X is of finite type, observe that X^: = Ux'e 7 r-i(x) finite type, and 

apply descent theory (see [EGAl IV.2.7.1]). 

□ 

With the notation and assumptions of the above theorem, G° is called the 
neutral component of G. Note that G is equidimensional of dimension dim(G°). 

Remarks 2.4.2. (i) Let G be a locally algebraic group acting on a scheme X, 
locally of finite type. If k is separably closed, then every connected component of 
X is stable by G°. 

(ii) A locally algebraic group G is algebraic if and only if 7ro(G) is finite. 

(hi) By [221 II.5.1.8], the category of etale group schemes is equivalent to that 
of discrete topological groups equipped with a continuous action of T by group 
automorphisms, via the assignment G i—G(fcs). Under this equivalence, the finite 
etale group schemes correspond to the (abstract) finite groups equipped with a 
T-action by group automorphisms. 

These results reduce the structure of locally algebraic groups to that of algebraic 
groups; we will concentrate on the latter in the sequel. 

2.5. Reduced subschemes. Recall that every scheme X has a largest re¬ 
duced subscheme Area; moreover, Ared is closed in A and has the same underlying 
topological space. Every morphism of schemes f : X ^ Y sends Aj-ed to Yred- 

Proposition 2.5.1. Let G be a smooth algebraic group acting on a scheme of 
finite type X. 

(1) Ared is stable by G. 

(2) Let 77 : A —>■ Aj-ed denote the normalization. Then there is a unique action 
of G on X such that rj is equivariant. 

(3) When k is separably closed, every irreducible component of Aj-ed is stable 
by G°. 

Proof. (1) As G is geometrically reduced, G x Ared is reduced by [EGAl 
IV.6.8.5]. Thus, G x Ared = (G x A)i.ed is sent to Ared by a. 

(2) Likewise, as G is geometrically normal, G x A is normal by [EGAl IV.6.8.5] 
again. So the map idxryrGxA^-GxAis the normalization. This yields a 
morphism a : G X A —> A such that the square 

(2.5.1) GxA-2-^ A 

idXT) V 

G X Ared Ared, 

commutes, where a denotes the G-action. Since r] induces an isomorphism on a 
dense open subscheme of A, we have d(e,x) = x identically on A. Likewise, 
d(g, a{h, x)) = a{gh, x) identically on G x G x A, i.e., d is an action. 

(3) Let Y be an irreducible component of Ared. Then the normalization V is a 
connected component of A, and hence is stable by G° fRemark l2.4.2l fill. Using the 














16 


MICHEL BRION 


surjectivity of the normalization map Y and the commutative square p.5.1|) . 
it follows that Y is stable by C?°. □ 

When the field k is perfect, the product of any two reduced schemes is reduced 
(see [221 1.2.4.13]). It follows that the natural map {X x y)red ^ -^red x Yred is an 
isomorphism; in particular, the formation of X^ed commutes with field extensions. 
This implies easily the following: 

Proposition 2.5.2. Let G be a group scheme over a perfect field k. 

(1) Any action of G on a scheme X restricts to an action of the closed sub¬ 
group scheme Gred on Wed- 

(2) If G is locally algebraic, then Gred is the largest smooth subgroup scheme 
ofG. 

Note that Gred is not necessarily normal in G, as shown by the following: 

Example 2.5.3. Consider the Gm-action on Ga by multiplication. If char(fc) = 
p, then every subgroup scheme apn = ) C Ga is normalized by this action 

(since is homogeneous), but not centralized (since G^ acts non-trivially on 
O(apn) = k[x]/{x'P )). Thus, we may form the corresponding semi-direct product 
G := Gm K apn. Then G is an algebraic group; moreover, Gred = Gm is not normal 
in G by Remark 12.2.101 (i). 

To obtain a similar example with G finite, just replace Gm with its subgroup 
scheme of Gth roots of unity, where £ is prime to p. 

We now obtain a structure result for finite group schemes: 

Proposition 2.5.4. Let G be a finite group scheme over a perfect field k. Then 
the multiplication map induces an isomorphism Gred x G° G. 

Proof. Consider, more generally, a finite scheme X. We claim that the mor¬ 
phism 7 : X —>■ 7 ro(X) restricts to an isomorphism Wed — 'n'o{X). To check this, 
we may assume that X is irreducible; then X = Spec(i?) for some local artinian 
fc-algebra R with residue field K being a finite extension of k. Since k is perfect, K 
lifts uniquely to a subfield of R, which is clearly the largest subfield of that algebra. 
Then jx is the associated morphism Spec(i?) —>■ Spec(Rr); this yields our claim. 

Returning to our finite group scheme G, we obtain an isomorphism of group 
schemes Gred G- 7 ro(G) via 7 . This yields in turn a retraction of G to Gred with 
kernel G°. So the desired statement follows from Remark l2.2.10l (ii). □ 

With the notation and assumptions of the above proposition, Gred is a finite 
etale group scheme, which corresponds to the finite group G(fc) equipped with the 
action of the Galois group T. Also, G° is finite and its underlying topological 
space is just the point e; such a group scheme is called infinitesimal. Examples 
of infinitesimal group schemes include and ppn in characteristic p > 0. When 
char(A:) = 0, every infinitesimal group scheme is trivial by Theorem 12. 1. 61 

Proposition l2.5.4l can be extended to the setting of algebraic groups over perfect 
fields, see Corollary 12.8.71 But it fails over any imperfect field, as shown by the 
following example of a finite group scheme G such that Gred is not a subgroup 
scheme: 

Example 2.5.5. Let k be an imperfect field, i.e., char(fc) = p > 0 and k k^. 

Choose a G k\kP and consider the finite subgroup scheme G C Ga defined as the 
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kernel of the additive polynomial — ax^. Then Gred = V{x{x'p^'p~^'> — a)) is 
smooth at 0 but not everywhere, since — a = {xP~^ — over ki. So 

Gred admits no group scheme structure in view of Proposition 12.1.121 

2.6. Torsors. 


Definition 2.6.1. Let X be a scheme equipped with an action a of a group 
scheme G, and f : X ^ Y a G-invariant morphism of schemes. 

We say that / is a G-torsor over Y (or a principal G-bundle over Y) if it 
satishes the following conditions: 

( 1 ) / is faithfully flat and quasi-compact. 

(2) The square 


( 2 . 6 . 1 ) 


G X X 




P2 




Y 


is cartesian. 


Remarks 2.6.2. (i) The condition (2) may be rephrased as follows: for any 
scheme S and any points x,y € X{S), we have f{x) = f{y) if and only if there 
exists g G G{S) such that y = g ■ x; moreover, such a 5 is unique. This is the 
scheme-theoretic version of the notion of principal bundle in topology. 

(ii) Consider a group scheme G and a scheme Y. Let G act on G x T via left 
multiplication on itself. Then the projection p 2 : G x T —F is a G-torsor, called 
the trivial G-torsor over Y. 

(hi) One easily checks that a G-torsor f : X ^ Y is trivial if and only if / has a 
section. In particular, a G-torsor X over Spec(A:) is trivial if and only if X has a k- 
rational point. When G is algebraic, this holds of course if k is algebraically closed, 
but generally not over an arbitrary field k. Assume for instance that k contains 
some element t which is not a square, and consider the scheme X := V (a;^ — t)cA^. 
Then X is normalized by the action of fj ,2 on via multiplication; this yields a 
non-trivial /r 2 -torsor over Spec(A:). 

(iv) For any G-torsor f : X ^ Y, the topology of Y is the quotient of the 
topology of X by the equivalence relation defined by / (see |EGAl IV.2.3.12]). 
As a consequence, the assignment Z M- f~^{Z) yields a bijection from the open 
(resp. closed) subschemes of F to the open (resp. closed) G-stable subschemes of X. 

Definition 2.6.3. Let G be a group scheme acting on a scheme X. A morphism 
of schemes / : A —>■ F is a categorical quotient of X by G, if / is G-invariant and 
every G-invariant morphism of schemes ip : X ^ Z factors uniquely through /. 

In view of its universal property, a categorical quotient is unique up to unique 
isomorphism. 

Proposition 2.6.4. LetG be an algebraic group, and f : X ^ Y be a G-torsor. 
Then f is a categorical quotient by G. 

Proof. Consider a G-invariant morphism p : X ^ Z. Then p~^{U) is an 
open G-stable subscheme for any open subscheme U of Z. Thus, / restricts to a 
G-torsor fu : p~^{U) -G- V for some open subscheme V = V{U) of F. To show 
that p factors uniquely through /, it suffices to show that pu : p~^{U) —>• U 
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factors uniquely through fjj for any affine U. Thus, we may assume that Z is 
affine. Then ip corresponds to a G-invariant homomorphism 0{Z) —^ 0{X), i.e., to 
a homomorphism 0{Z) 0{X)^ (the subalgebra of G-invariants in 0{X)). So it 

suffices to check that the map 

f* -.Oy ^ f.{Ox f 

is an isomorphism. 

Since / is faithfully flat, it suffices in turn to show that the natural map 

Ox = noy) ^ riMOxf) 

is an isomorphism. We have canonical isomorphisms 

riMOx)) = P 2 *{a*{Ox)) = P 2 *{Ogxx) = 0(0) <E)k Ox, 

where the first isomorphism follows from the cartesian square ( 12 . 6.111 and the faithful 
flatness of /, and the third isomorphism follows from Lemma [2.3.31 Moreover, the 
composition of these isomorphisms identifies the G-action on f*(f*(Ox)) with that 
on 0(0) Zik Ox via left multiplication on 0(0). Thus, taking G-invariants yields 
the desired isomorphism. □ 


Proposition 2.6.5. Let f : X be a G-torsor. 

(1) The morphism f is finite (resp. affine, proper, of finite presentation) if 
and only if so is the scheme G. 

(2) When Y is of finite type, f is smooth if and only if G is smooth. 

Proof. (1) This follows from the cartesian diagram (12.6.11) together with de¬ 
scent theory (see [EGAl IV.2. 7.1]). 

Likewise, (2) follows from [EGA! IV.6.8.3]. □ 


Remarks 2.6.6. (i) As a consequence of the above proposition, every torsor 
f : X ^ Y under an algebraic group G is of finite presentation. In particular, / 
is surjective on ^-rational points, i.e., the induced map X(k) —)• Y(k) is surjective. 
But / is generally not surjective on S'-points for an arbitrary scheme S (already for 
S = Spec(A:)). Still, / satisfies the following weaker version of surjectivity: 

For any scheme S and any point y € Y(S), there exists a faithfully flat mor¬ 
phism of finite presentation ip : S' ^ S and a point x € X(S') such that f(x) = y. 

Indeed, viewing y as a morphism S ^ Y, we may take S' := X Xy S, ip := P 2 
and X '■= Pi . 

(ii) Consider a G-scheme X, a G-invariant morphism of schemes f : X ^ Y 
and a faithfully flat quasi-compact morphism of schemes v : Y' ^ Y. Form the 
cartesian square 

A' — 


/ 

A > Y. 


Then there is a unique action of G on X' such that u is equivariant and f' is 
invariant. Moreover, / is a G-torsor if and only if /' is a G-torsor. Indeed, this 
follows again from descent theory, more specifically from |EGA1 IV.2.6.4] for the 
condition (2), and [EGAl IV.2.7.1] for (3). 

(iii) In the above setting, / is a G-torsor if and only if the base change fx is a 
Gif-torsor for some field extension K oi k. 
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(iv) Consider two G-torsors f : X ^ Y, f : X' ^ Y and a G-equivariant 
morphism (f : X ^ X' of schemes over Y. Then ip is an isomorphism: to check this, 
one may reduce by descent to the case where / and f' are trivial. Then (p is identified 
with an endomorphism of the trivial torsor. But every such endomorphism is of 
the form {g,y) i-A {g'tp{y),y) for a unique morphism ij) '.Y ^ and hence is an 
automorphism with inverse (g, y) i— 2 /)- 

Example 2.6.7. Let G be an algebraic group. Then 7 : G —>• 7 ro(G) is a 
G°-torsor. 

Indeed, recall from il2.4l that the formation of 7 commutes with field extensions. 
By Remark 12.6.61 (iii), we may thus assume k algebraically closed. Then the finite 
etale scheme 7 ro(G) just consists of finitely many fc-rational points, say xi,... ,Xn, 
and the fiber Fi of 7 at Xi contains a fc-rational point, say gi. Recall that Fi is a 
connected component of G; thus, the translate g^^Fi is a connected component of 
G through e, and hence equals G°. It follows that G is the disjoint union of the 
translates giG^, which are the fibers of 7 ; this yields our assertion. 

2.7. Homogeneous spaces and quotients. 

Proposition 2.7.1. Let f : G ^ FI be a homomorphism of algebraic groups. 

(1) The image f(G) is closed in H. 

(2) f is a closed immersion if and only if its kernel is trivial. 

Proof. As in the proof of Proposition 12.2.71 we may assume that k is alge¬ 
braically closed. 

(1) Consider the action a of G on 77 given hy g ■ h := f{g)h. By Proposition 
12. 2. 71 again, there exists h G H{k) such that the image of the orbit map ah is closed. 
But ah{G) = ae{G)h and hence ae(G) = /(G) is closed. 

(2) Clearly, Ker(/) is trivial if / is a closed immersion. Conversely, if Ker(/) is 
trivial then the fiber of / at any point x G X consists of that point; in particular, / 
is quasi-finite. By Zariski’s Main Theorem (see [EGAl IV. 8 .12. 6 ]), / factors as an 
immersion followed by a finite morphism. As a consequence, there exists a dense 
open subscheme U of /(G) such that the restriction f~^{U) U is finite. Since 
the translates of C/^ by G{k) cover f{Gh), it follows that fj. is finite; hence / is 
finite as well. Choose an open affine subscheme V of /(G); then so is /“^(V), and 
0{f~^{V)) is a finite module over 0{V) via /^. Moreover, the natural map 

0{V)/m Oif-\V)/mO{f-\V)) = 0{f-\SpecO{V)/m)) 

is an isomorphism for any maximal ideal m of 0(V). By Nakayama’s lemma, it 
follows that /"^ is surjective; this yields the assertion. □ 

As a consequence of the above proposition, every subgroup scheme of an alge¬ 
braic group is closed. 

We now come to an important existence result: 

Theorem 2.7.2. Let G be an algebraic group and H G G a subgroup scheme. 

(1) There exists a G-scheme G/H equipped with a G-equivariant morphism 

q:G—> G/H, 

which is an H-torsor for the action of H on G by right multiplication. 

(2) The scheme G/H is of finite type. It is smooth if G is smooth. 
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(3) If H is normal in G, then G/H has a unique structure of algebraic group 
such that q is a homomorphism. 

Proof. See |SGA31 VIA.3.2]. □ 

Remarks 2.7.3. (i) With the notation and assumptions of the above theorem, 
q is the categorical quotient of G by H, in view of Proposition [2]631 In particular, 
q is unique up to unique isomorphism; it is called the quotient morphism. The 
homogeneous space G/H is equipped with a fc-rational point x := q{e), the base 
point. The stabilizer CG(ic) equals H, since it is the fiber of q at x. 

(ii) By the universal property of categorical quotients, the homomorphism of 
algebras : 0{G/H) —!> 0{G)^ is an isomorphism. 

(iii) The morphism q is faithfully flat and lies in a cartesian diagram 

G xH — 

Pi 9 

G -^ G/H, 

where n denotes the restriction of the multiplication m : G x G ^ G. Also, q is of 
finite presentation in view of Proposition 12.6.51 

(iv) Since q is flat and G, H are equidimensional, we see that G/H is equidi- 
mensional of dimension dim(G) — dim(H). 

(v) We have {G/H){k) = G(k)/H{k) as follows e.g. from Remark 12.6.61 fib In 
particular, if k is perfect (so that Gred is a subgroup scheme of G), then the scheme 
G/Gred has a unique fc-rational point. Since that scheme is of finite type, it is finite 
and local; its base point is its unique fc-rational point. 

Next, we obtain two further factorization properties of quotient morphisms: 

Proposition 2.7.4. Let f : G ^ H be a homomorphism of algebraic groups, 
N := Ker(/) and q : G ^ G/N the quotient homomorphism. Then there is a 
unique homomorphism t : G/N ^ H such that the triangle 

G — 

9 

G/N 

commutes. Moreover, l is an isomorphism onto a subgroup scheme of H. 

Proof. Clearly, / is A-invariant; thus, it factors through a unique morphism 
t : G/N —>• 77 by Theorem 12.7.21 We check that i is a homomorphism: let S 
be a scheme and x,y € {G/N){S). By Remark 12.6.61 there exist morphisms of 
schemes (p : T ^ S, if : U ^ S and points xt S G{T), yu S G{U) such that 
q{xT) = X, q{yu) = y- Using the fibered product S' := T Xs U, we thus obtain a 
morphism / : S" —>■ S' and points x', y' € G{S') such that q{x') = x, q{y') = y; then 
q{x'y') = xy. Since f{x'y') = f{x')f{y'), we have i{xy) = b{x)b{y). One may check 
likewise that Ker((.) is trivial. Thus, (. is a closed immersion; hence its image is a 
subgroup scheme in view of Proposition 12.7.11 □ 
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Proposition 2.7.5. Let G he an algebraic group, X a G-scheme of finite type 
and X G X(k). Then the orbit map : G — >■ X, g i-G g ■ x factors through a unique 
immersion jx ■ G/Cc{x) —)• X. 

Proof. See [22] III.3.5.2] or |SGA3[ V.10.1.2]. □ 

With the above notation and assumptions, we may define the orbit of x as the 
locally closed subscheme of X corresponding to the immersion jx ■ 

2.8. Exact sequences, isomorphism theorems. 

Definition 2.8.1. Let j : N ^ G and g : G —?> Q be homomorphisms of group 
schemes. We have an exact sequence 

(2.8.1) 1 — > N ^ G Q —^ 1 

if the following conditions hold: 

(1) j induces an isomorphism of N with Ker(q). 

(2) For any scheme S and any y G Q{S), there exists a faithfully flat morphism 
f : S' ^ S oi finite presentation and x G G{S') such that q{x) = y. 

Then G is called an extension of Q by fV. 

We say that q is an isogeny if N is finite. 

Remarks 2.8.2. (i) The condition (1) holds if and only if the sequence of 
groups 

1 ^ N{S) G{S) ^ Q(S) 
is exact for any scheme S. 

(ii) The condition (2) holds whenever q is faithfully flat of finite presentation, 
as already noted in Remark l2.6.6r iL 

(iii) As for exact sequences of abstract groups, one may define the push-forward 
of the exact sequence (12.8.11) under any homomorphism N ^ N', and the pull¬ 
back under any homomorphism Q' ^ Q. Also, exactness is preserved under field 
extensions. 

Next, consider an algebraic group G and a normal subgroup scheme N] then 
we have an exact sequence 

(2.8.2) 1 — > N —>G G/N —5- 1 

by Theorem 12.7.21 and the above remarks. Conversely, given an exact sequence 
(12.8.11) of algebraic groups, j is a closed immersion and q factors through a closed 
immersion i : G/N —)• Q by Proposition 12.7.41 Since q is surjective, i is an isomor¬ 
phism; this identifies the exact sequences (12.8.111 and (|2.8.2I1 . 

As another consequence of Proposition 12.7.41 the category of commutative al¬ 
gebraic groups is abelian. Moreover, the above notion of exact sequence coincides 
with the categorical notion. In this setting, the set of isomorphism classes of ex¬ 
tensions of Q by A has a natural structure of commutative group, that we denote 
by Ext^((5, N). 

We now extend some classical isomorphism theorems for abstract groups to the 
setting of group schemes, in a series of propositions: 
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Proposition 2.8.3. Let G be an algebraic group and N < G a normal subgroup 
scheme with quotient q : G ^ G/N. Then the assignment H i—>■ H/N yields a 
bijective correspondence between the subgroup schemes of G containing N and the 
subgroup schemes of G/N, with inverse the pull-back. Under this correspondence, 
the normal subgroup schemes of G containing N correspond to the normal subgroup 
schemes of G/N. 

Proof. See |SGA3[ VIA.5.3.1]. □ 

Proposition 2.8.4. Let G be an algebraic group and N C H C G subgroup 
schemes with quotient maps qN : G ^ G/N, qn ■ G ^ G/H. 

(1) There exists a unique morphism f : G/N G/H such that the triangle 

G > G/H 

QN 

G/N 

commutes. Moreover, f is G-equivariant and faithfully flat of finite pre¬ 
sentation. The fiber of f at the base point of G/H is the homogeneous 
space H/N. 

(2) If N is normal in H, then the action of H on G by right multiplication 
factors through an action of H/N on G/N that centralizes the action of 
G. Moreover, f is an H/N-torsor. 

(3) If H and N are normal in G, then we have an exact sequence 

1 —^ H/N —^ G/N -4 G/H —^ 1. 

Proof. (1) The existence of / follows from the fact that qN is a categorical 
quotient. To show that / is equivariant, let S' be a scheme, g G G[S) and y G 
{G/N){S). Then there exists a morphism S' ^ S and y' G G(S') such that 
dNiy') = y- So 

fig ■ y) = fig • dNiy') = if o qNfigy') = gnigy') = g ■ qHiy') = g-y- 
One checks similarly that the fiber of / at the base point x equals H/N. 

Next, note that the multiplication map n : G x H ^ H yields a morphism 
r : G X H/N ^ G/N. We claim that the square 

(2.8.3) G X H/N —^G/N 

Pi f 

G - f^—^G/H 

is cartesian. The commutativity of this square follows readily from the equivariance 
of the involved morphisms. Let S be a scheme and g G G(S), y G (G/A)(S). Then 
gnig) = fiy) if and only if f{g-^ ■ y) = quie) = fix), i.e., g-^y G (H/NfiS). It 
follows that the map G x H/N —>• G Xq/^ G/N is bijective on S-points; this yields 
the claim. 

Since qn and pi are faithfully flat of finite presentation, the same holds for / 
in view of the cartesian square ()2.8.3p . 

(2) The existence of the action G/N x H/N —>• G/N follows similarly from the 
universal property of the quotient G x H ^ G/N x H/N. One may check by lifting 
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points as in the proof of (1) that this action centralizes the G-action. Finally, / is 
a G-torsor in view of the cartesian square (j2.8.311 again. 

(3) This follows readily from (1) together with Proposition 12.7.41 (or argue by 
lifting points to check that / is a homomorphism). □ 

Proposition 2.8.5. Let G he an algebraic group, H G G a subgroup scheme 
and N G a normal subgroup scheme. Consider the semi-direct product H k N, 
where H acts on N by conjugation. 

(1) The map 

f : H K N — >G, (x, y) 1 —> xy 

is a homomorphism with kernel H r\ N identified with a subgroup scheme 
of H K N via X i-A {x~^,x). 

(2) The image H ■ N of f is the smallest subgroup scheme of G containing H 
and N. 

(3) The natural maps H/H Cl N ^ H ■ N/N and N/H D N ^ H ■ N/H are 
isomorphisms. 

(4) If H is normal in G, then H ■ N is normal in G as well. 

Proof. The assertions (1) and (2) are easily checked. 

(3) We have a commutative diagram 

H -^ H K N/N 

H/H n N -^ H ■ N/N, 

where the top horizontal arrow is an isomorphism and the vertical arrows are HClN- 
torsors. This yields the first isomorphism by using Proposition 12.6.^ The second 
isomorphism is obtained similarly. 

(4) This may be checked as in the proof of Proposition 12.7.41 □ 

We also record a useful observation: 

Lemma 2.8.6. Keep the notation and assumptions of the above proposition. If 
G = H ■ N, then G{k) = II{k) N{k). The converse holds when G/N is smooth. 

Proof. The first assertion follows e.g. from Remark l2.6.6l fil. 

For the converse, consider the quotient homomorphism g : G —>■ G/N: it 
restricts to a homomorphism H —>■ G/N with kernel H Ci N, and hence factors 
through a closed immersion i : H/H r\ N ^ G/N by Proposition 12.7.41 Since 
G{k) = H{k)N{k), we see that i is surjective on fc-rational points. As G/N is 
smooth, i must be an isomorphism. Thus, H ■ N/N = G/N . By Proposition 12.8.31 
we conclude that H ■ N = G. □ 

We may now obtain the promised generalization of the structure of finite group 
schemes over a perfect field (Proposition 12.5.41) : 

Corollary 2.8.7. Let G be an algebraic group over a perfect field k. 

(1) G = Gred-G0. 

(2) Gred nG° = G°g(j is the smallest subgroup scheme H of G such that G/H 
is finite. 
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Proof. (1) This follows from Lemma [2.8.61 since G/G^ = tto^G) is smooth 
and G{k) =Gred{k). 

(2) Let H C Ghea, subgroup scheme. Since G/H is of finite type, the finiteness 
of G/H is equivalent to the finiteness of {G/H){k) = G(k)/H(k) = G{k)/Hj-edik). 
Thus, G/TLred is finite if and only if so is G/H. Likewise, using the finiteness of 
H/H^, one may check that G/H is finite if and only if so is G/H/^^. Under these 
conditions, the homogeneous space G/^dl^red is finite as well; since it is also smooth 
and connected, it follows that i.e., G°g^ C H. 

To complete the proof, it suffices to check that G/G/^^ is finite, or equivalently 
that G(fc)/G°(fc) is finite. But this follows from the finiteness of G/G°. □ 

Definition 2.8.8. An exact sequence of group schemes (|2.8.1I) is called split if 
q : G ^ Q has a section which is a homomorphism. 

Any such section s yields an endomorphism r := s o g of the group scheme G 
with kernel N; moreover, r may be viewed as a retraction of G to the image of 
s, isomorphic to H. By Remark 12.2.101 (ii), this identifies (12.8.11) with the exact 
sequence 

1 —> N ^ H tK N H —^1. 


2.9. The relative Probenius morphism. Throughout this subsection, we 
assume that the ground field k has characteristic p > 0. 

Let A be a A:-scheme and n a positive integer. The nth absolute Frobenius 
morphism of X is the endomorphism 

F^-.X —^ A 

which is the identity on the underlying topological space and such that the homo¬ 
morphism of sheaves of algebras : Ox {^^x)*{Ox) = Ox is the p”th 

power map, / /^ . 

Clearly, every morphism of Ic-schemes f : X ^ Y lies in a commutative square 


f 

A—U-y 


X 


f 


Y. 


Note that AjJ is generally not a morphism of fc-schemes, since the p"th power map 
is generally not fc-linear. To address this, define a fc-scheme X^O j^y the cartesian 
square 

X(")-^ A 

TT 

Spec(fc) —^ Spec(fc), 

where tt denotes the structure map and F// := corresponds to the p"th 

power map of k. Then F// factors through a unique morphism of fc-schemes 
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the nth relative Frohenius morphism. Equivalently, the above cartesian square ex¬ 
tends to a commutative diagram 





The underlying topological space of X^^'> is X again, and the structure sheaf 
is given by 

Ox^iU) = Ox{U) ( 8 if " k 

for any open subset U C X, where the right-hand side denotes the tensor product 
of Ox{U) and k over k acting on Ox{U) via scalar multiplication, and on k via 
the p”th power map. Thus, we have in Ox{U) k 

tf ®u = f u 


for any / e Ox{U) and t,u G k. The fc-algebra structure on Ox{U) k is 
defined by 

t{f ®u) = f ®tu 

for any such /, t and u. The morphism is again the identity on the underlying 
topological spaces; the associated homomorphism of sheaves of algebras is the map 

(2.9.1) ■.Ox{U)<S>F«k^Ox{U), f<E)t^tfP\ 


Using this description, one readily checks that the formation of the nth relative 
Frobenius morphism commutes with field extensions. Moreover, for any positive 
integers m, n, we have an isomorphism of schemes 


(jf (m))(") ^ (m+") 


that identifies the composition Fx(m)Fx/k particular, may 

be seen as the nth iterate of the relative Frobenius morphism Fx/k- 

Also, note that the formation of is eompatible with closed subschemes and 
eommutes with finite produets. Specifically, any morphism of fc-schemes f : X ^ Y 
induces a morphism of fc-schemes such that the square 


f 

X - -—^Y 


X(") 



y(n) 


commutes. If / is a closed immersion, then so is Moreover, for any two 

schemes X, Y, the map 
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is an isomorphism (where pi ■. X xY X, p 2 '■ X xY Y denote the projections), 

and the triangle 

X X {X X y)(") 

x(") X 

commutes. 

We now record some geometric properties of the relative Frobenius morphism: 

Lemma 2.9.1. Let X be a scheme of finite type and n a positive integer. 

(1) The morphism is finite and purely inseparable. 

(2) The scheme-theoretic image of is geometrically reduced for 0. 

Proof. (1) Since is the identity on the underlying topological spaces, we 
may assume that X is affine. Let i? := 0(X), then the image of the homomorphism 
{F^/k)^ : R^pr. k ^ R is the fc-subalgebra kR^ generated by the p"th powers. 
Thus, Ff^^k is integral, and hence finite since R is of hnite type. Also, F^^k i® 
clearly purely inseparable. 

(2) Let I C R denote the ideal consisting of nilpotent elements. Since the 
algebra R is of finite type, there exists a positive integer no such that /" = 0 for 
all / G / and all n > no. Choose ni such that > no, then sends / to 0 

for any n > ni. Thus, the image of FJ/;. is reduced for n ^ 0. Since the formation 
of Ff^jk commutes with field extensions, this completes the proof. □ 

Proposition 2.9.2. Let G be a k-group scheme. 

(1) There is a unique structure of k-group scheme on such that Fft^k 
a homomorphism. 

(2) IfG is algebraic, thenKeT{FQ^k) infinitesimal. Moreover, G/Ker(FQ^^) 
is smooth for n ^ 0. 

Proof. (1) This follows from the fact that the formation of the relative Frobe¬ 
nius morphism commutes with finite products. 

(2) This is a consequence of the above lemma together with ProDOsition l2.1.1^ 

□ 



Notes and references. 

Most of the notions and results presented in this section can be found in |22j 
and |SGA3| in a much greater generality. We provide some specific references: 

Proposition 12.Li'S! is taken from [SGA31 VIA.1.3.1]; Proposition 12.2.71 follows 
from results in |22[ 11.5.3]; Lemma [2.3.31 is a special case of |22l 1.2.2.6]; Theorem 
12.4.II follows from [221 11.5.1.1, 11.5.1.8]; Proposition 12.5.41 holds more generally for 
locally algebraic groups, see [221 11.2.2.4]; Example 12.5.51 is in |SGA3l VIA.1.3.2]. 

Our definition of torsors is somewhat ad hoc: what we call G-torsors over Y 
should be called Gv-torsors, where Gy denotes the group scheme p 2 ■ G x Y ^ Y 
(see [221 III.4.1] for general notions and results on torsors). 

Proposition 12.6.41 is a special case of a result of Mumford, see [421 Prop. 0.1]; 
Proposition 12.7.11 is a consequence of [221 11.5.5.1]; Proposition 12.7.41 is a special 
case of ISGA31 VIA.5.4.1]. 
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Theorem l2.7.2l fon the existence of homogeneous spaces) is a deep result, since 
no direct construction of these spaces is known in this generality. In the setting of 
affine algebraic groups, homogeneous spaces may be constructed by a method of 
Chevalley; this is developed in [221 IIL3.5]. 

Propositions 12.8.41 and 12.8.51 are closely related to results in |SGA31 VIA.5.3]. 
We have provided additional details to be used later. 

Proposition 12.9.21 (2) holds more generally for locally algebraic groups, see 
ISGA31 VII.8.3]. 

Many interesting extensions of algebraic groups are not split, but quite a few 
of them turn out to be quasi-split, i.e., split after pull-back by some isogeny. For 
example, the extension 

1 ^ G° ^ G ^ 7ro(G) ^ 1 

is quasi-split for any algebraic group G (see [HI Lem. 5.11] when G is smooth and k is 
algebraically closed of characteristic 0; the general case follows from |131 Thm. 1.1]). 
Further instances of quasi-split extensions will be obtained in Theorems 14. 2. 51 [5.3.11 
and 15.6.31 below. On the other hand, the group G of upper triangular unipotent 
3x3 matrices lies in an extension 



which is not quasi-split. It would be interesting to determine those classes of alge¬ 
braic groups that yield quasi-split extensions. 

3. Proof of Theorem |T] 

3.1. Affine algebraic groups. In this subsection, we obtain several criteria 
for an algebraic group to be affine, which will be used throughout the sequel. We 
begin with a classical result: 

Proposition 3.1.1. Every affine algebraic group is linear. 

Proof. Let G be an affine algebraic group. By Proposition 12.3.51 there exist 
a finite-dimensional G-module V and a closed G-equivariant immersion l : G ^ V, 
where G acts on itself by left multiplication. Since the latter action is faithful, the 
G-action on V is faithful as well. In other words, the corresponding homomorphism 
p : G ^ GL(F) has a trivial kernel. By Proposition 12.7.11 it follows that p is a 
closed immersion. □ 

Next, we relate the affineness of algebraic groups with that of subgroup schemes 
and quotients: 

Proposition 3.1.2. Let H be a subgroup scheme of an algebraic group G. 

(1) If H and G/H are both affine, then G is affine as well. 

(2) If G is affine, then H is affine. If in addition H <G, then G/H is affine. 

Proof. (1) Since H is affine, the quotient morphism q : G ^ G/H is affine as 
well, in view of Proposition l2.6.5] and Theorem l2.7.2l f3L This yields the statement. 

(2) The first assertion follows from the closedness of iL in G fProposition l2.7.T]) . 
The second assertion is proved in [221 III.3.7.3], see also [SGA31 VIB.11.7]. □ 

Remark 3.1.3. With the notation and assumptions of the above proposition, 
G is smooth (resp. proper, finite) if H and G/H are both smooth (resp. proper, 
finite), as follows from the same argument. Also, G is connected if H and G/H are 
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both connected; since all these schemes have ^-rational points, this is equivalent to 
geometric connectedness. 

The above proposition yields that every algebraic group has an “affine radical”: 

Lemma 3.1.4. Let G be an algebraic group. 

(1) G has a largest smooth connected normal affine subgroup scheme, L{G). 

(2) L{G/L{G)) is trivial. 

(3) The formation of L{G) commutes with separable algebraic field extensions. 

Proof. (1) Let Li, L 2 be two smooth connected normal affine subgroup 
schemes of G. Then the product Li ■ L 2 G G is a. normal subgroup scheme by 
Proposition 12.8.51 Since Li • L 2 is a quotient of Li k L 2 , it is smooth and con¬ 
nected. Also, by using the isomorphism Li ■ T 2 /T 1 = T 2 /T 1 fl L 2 together with 
Proposition 13.1.21 we see that Li ■ L 2 is affine. 

Next, take Li as above and of maximal dimension. Then dim(Li ■ L 2 /L 1 ) = 0 
by Proposition 12.7.^ Since Li ■ L 2 /T 1 is smooth and connected, it must be trivial. 
It follows that L 2 C Li] this proves the assertion. 

(2) Denote by M C G the pull-back of L{G/L{G)) under the quotient map 
G — G/L{G). By Proposition 12.8.31 M is a normal subgroup scheme of G con¬ 
taining L{G). Moreover, M is affine, smooth and connected, since so are L{G) and 
M/L{G). Thus, M = L{G); this yields the assertion by Proposition l2.8.3l again. 

(3) This follows from a classical argument of Galois descent, see [531 V.22]. 

More specifically, it suffices to check that the formation of L{G) commutes with 
Galois extensions. Let K be such an extension of k, and G the Galois group. Then 
G acts on Gk = G x Spec(Ar) via its action on K. Let L' := L{Gk)] then for any 
'y G G, the image 'y{L') is also a smooth connected affine normal AT-subgroup scheme 
of Gk- Thus, 7 (T') C L'. Since this also holds for 7 “^, we obtain 'y{L') = L'. As 
Gk is covered by ^-stable affine open subschemes, it follows (by arguing as in [531 
V.20]) that there exists a unique subscheme M C G such that L' = Mk. Then 
M is again a smooth connected affine normal subgroup scheme of G, and hence 
M C L{G). On the other hand, we clearly have L{G)k Q L'\ we conclude that 
M = L{G). □ 

Remark 3.1.5. In fact, the formation of L commutes with separable field ex¬ 
tensions that are not necessarily algebraic. This can be shown by adapting the proof 
of [201 1.1.9], which asserts that the formation of the unipotent radical commutes 
with all separable field extensions. That proof involves methods of group schemes 
over rings, which go beyond the scope of this text. 

Our final criterion for affineness is of geometric origin: 

Proposition 3.1.6. Let a : G x X ^ X be an action of an algebraic group on 
an irreducible locally noetherian scheme and let x € X{k). Then the quotient group 
scheme CGix)/KeT{a) is affine. 

Proof. We may replace G with Ccix), and hence assume that G fixes x. Con¬ 
sider the nth infinitesimal neighborhoods, := where n runs 

over the positive integers; these form an increasing sequence of finite subschemes 
of X supported at x. As seen in Example 12.3.61 each is stabilized by G; this 
yields a linear representation of G in ='■ 14., a finite-dimensional 

vector space. Denote by Nn the kernel of p„; then Nn contains Ker(a). As pn is 
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a quotient of Pn+i, we have Nn+i C Nn- Since G is of finite type, it follows that 
there exists no such that Nn = Nng =: N for all n > no. Then N acts trivially on 
each subscheme As X is locally noetherian and irreducible, the union of these 
subschemes is dense in AT; it follows that N acts trivially on X, by using the repre- 
sentability of the fixed point functor X^ (Theorem 12.2.6|) . Thus, N = Ker(a). So 
Pno ■ G GL(14io) factors through a closed immersion j : G/Ker(a) —>• GL(14o) 
by Proposition 12.7.11 □ 

Corollary 3.1.7. Let G be a connected algebraic group and Z its center. Then 
G/Z is affine. 

Proof. Consider the action of G on itself by inner automorphisms. Then the 
kernel of this action is Z and the neutral element is fixed. So the assertion follows 
from Proposition 13.1.61 □ 

The connectedness assumption in the above corollary cannot be removed in 
view of Example 14.2.21 below. 


3.2. The afRnization theorem. Every scheme X is equipped with a mor¬ 
phism to an affine scheme, namely, the canonical morphism 

if = ipx ■ X —>• Spec(!l(X). 

The restriction of ipx to any affine open subscheme [/ C X is the morphism 
U Spec(!l(X) associated with the restriction homomorphism 0{X) 0{U). 

Moreover, Lp satisfies the following universal property: every morphism f : X ^ Y, 
where Y is an affine scheme, factors uniquely through p. We say that p is the 
affinization morphism of X, and denote SpecO(X) by Aff(X). When X is of fi¬ 
nite type, Aff(X) is not necessarily of finite type; equivalently, the algebra 0(X) 
is not necessarily finitely generated (even when X is a quasi-projective variety, see 
Example 13.2.31 below). 

Also, every morphism of schemes / : X —> X lies in a commutative diagram 


X- 


■Y 


Aff(X) Aff(X), 


where Aff(/) is the morphism of affine schemes associated with the ring homomor¬ 
phism f* : 0{Y) C»(X). 

For quasi-compact schemes, the formation of the affinization morphism com¬ 
mutes with field extensions and finite products, as a consequence of Lemma l2.3.3l 
It follows that for any algebraic group G, there is a canonical group scheme struc¬ 
ture on Aff(G) such that pc is a homomorphism. Moreover, given an action a of 
G on a quasi-compact scheme X, the map Aff(a) is an action of AfF(G) on AfF(X), 
compatibly with a. 

With these observations at hand, we may make an important step in the proof 
of Theorem [TJ 


Theorem 3.2.1. Let G be an algebraic group, p : G ^ AfF(G) its affinization 
morphism and H := Ker((/3). Then H is the smallest normal subgroup scheme of G 
such that G/H is affine. Moreover, 0{H) = k and AfF(G) = G/H. In particular, 
0{G) = 0{G/H); thus, the algebra 0{G) is finitely generated. 
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Proof. Consider a normal subgroup scheme N oi G such that G/N is affine. 
Then we have a commutative diagram of homomorphisms 


G - - - ^G/N 


‘fG 


‘■PG/N 


AS{G)^^AS{G/N), 


where q is the quotient morphism and tpc/N is an isomorphism. Since H is the 
fiber of ipa at the neutral element cq, it follows that H ^ N. 

We now claim that H is the kernel of the action of G on 0{G) via left mul¬ 
tiplication. Denote by K the latter kernel; we check that H{R) = K{R) for any 
algebra R. Note that H{R) consists of those x G G{R) such that f{x) = /(e) for 
all / G 0{G) (since 0{G x Spec(i?)) = 0{G) R)- Also, K{R) consists of those 

X G G(i?) such that f{xy) = f {y) for all / G 0{G x Spec(i?')) and y G G{R'), 
where R' runs over all i?-algebras. In particular, f{x) = /(e) for all / G 0{G), and 
hence K{R) C H{R). 

To show the opposite inclusion, choose a basis of the fc-vector space 

0(G); then the i?'-module 0(G x Spec(i?')) = 0{G)®kR' is free with basis ((^i)ig/. 
Thus, for any / G 0{G) ®k R', there exists a unique family {ipi = in 

0{G)®kR' such that f{xy) = i/>i(a:) (fiiy) identically. So the equalities f{xy) = 

f{y) for all y G G{R') are equivalent to the equalities 

^{tpi{x) - tpi{e)) ip^{y) = 0 

i 

for all such y. Since the latter equalities are satisfied for any x G H{R), this yields 
the inclusion H{R) C K{R), and completes the proof of the claim. 

By Proposition 12.3.41 there exists an increasing family of finite-dimensional 
G-submodules (Pi)ig/ of 0(G) such that 0(G) = (JjV). Denoting by Ki the 
kernel of the corresponding homomorphism G —>■ GL(Vi), we see that H = K 
is the decreasing intersection of the Ki. Since the topological space underlying G 
is noetherian and each Ki is closed in G, there exists f G / such that H = Ki. It 
follows that G/H is affine. We have proved that H is the smallest normal subgroup 
scheme of G having an affine quotient. 

The affinization morphism ipc factors through a unique morphism of affine 
schemes l : G/H ^ Aff(G). The associated homomorphism 

i* : C>(Aff(G)) = 0(G) ^ 0{G/H) = 0(G)" 

is an isomorphism; thus, so is l. This shows that Aff(G) = G/H. 

Next, consider the kernel N of the affinization morphism (pn- Then N < H 
and the quotient group H/N is affine. Since G/H is affine as well, it follows by 
Proposition 13.1.21 that the homogeneous space G/N is affine. Thus, the quotient 
morphism G —>■ G/N factors through a unique morphism Aff(G) —>■ G/N . Taking 
fibers at e yields that H C N; thus, H = N. Hence the action on H on itself via 
left multiplication yields a trivial action on 0{H). As 0{H)^ = k, we conclude 
that 0{H) = k. □ 


Corollary 3.2.2. Let G be an algebraic group acting faithfully on an affine 
scheme X. Then G is affine. 
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Proof. The action of G on X factors through an action of Aff(G) on Aff(A) = 
X. Thus, the subgroup scheme H of Theorem 13.2. II acts trivially on X. Hence H 
is trivial; this yields the assertion. □ 

Example 3.2.3. Let E be an elliptic curve equipped with an invertible sheaf 
£ such that deg(£) = 0 and £ has infinite order in Pic(£). (Such a pair (A, £) 
exists unless k is algebraic over a finite field, as follows from [55) : see also [59]). 
Choose an invertible sheaf M on E such that deg(At) > 0. Denote by L,M the 
line bundles on E associated with £, JVl and consider their direct sum, 

TT : X := L®M — E. 


Then A is a quasi-projective variety and 

where the sum runs over all pairs of non-negative integers. Thus, 

0{X) 0iL°(£;,£®^ (8)0^ 

i,m 

In particular, the algebra 0(X) is equipped with a bi-grading. If this algebra is 
finitely generated, then the pairs {i,m) such that 0{X)i^rn ^ 0 form a finitely 
generated monoid under componentwise addition; as a consequence, the convex 
cone G C generated by these pairs is closed. But we have 0{X)ifi = 0 for any 
i > 1, since £®^ is non-trivial and has degree 0. Also, given any positive rational 
number £ we have 0{X)n,tn ^ 0 for any positive integer n such that tn is integer, 
since deg(£®”(8)cjE-Al®*") > 0. Thus, G is not closed, a contradiction. We conclude 
that the algebra 0{X) is not finitely generated. 

3.3. Anti-affine algebraic gronps. 

Definition 3.3.1. An algebraic group G over k is anti-affine if 0{G) = k. 

By Lemma [2.3.31 G is anti-affine if and only if Gk is anti-affine for some field 
extension K oi k. 

Lemma 3.3.2. Every anti-affine algebraic group is smooth and connected. 

Proof. Let G be an algebraic group. Recall that the group of connected 
components 7ro(G) = G/G° is finite and etale. Also, G(7ro(G)) = 0{G)^'^ by 
Remark 12.7.31 (ii). If G is anti-affine, then it follows that 0(7ro(G)) = k. Thus, 
7ro(G) is trivial, i.e., G is connected. 

To show that G is smooth, we may assume that k is algebraically closed. Then 
Gred is a smooth subgroup scheme of G; moreover, the homogeneous space G/Gred 
is finite by Remark l2.7.3l vL As above, it follows that G = Gred- Gl 

We now obtain a generalization of a classical rigidity lemma (see IHJ p. 43]): 

Lemma 3.3.3. Let X, Y, Z be schemes such thatX is guasi-compact, 0{X) = k 
and Y is locally noetherian and irreducible. Let f : X x Y ^ Z be a morphism. 
Assume that there exist k-rational points xq € X, yg G Y such that f(x, yo) = 
f{xo,yo) identically. Then f{x,y) = f(xQ,y) identically. 
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Proof. Let Zo := f{xo,yo); this is a ^-rational point of Z. As in Example 
12.3.61 consider the nth infinitesimal neighborhoods of this point, 

Zo,(n) ■■= Spec(C>z,zo/t^?o’^^): 

where n runs over the positive integers. These form an increasing sequence of finite 
subschemes of Z supported at zq, and one checks as in the above example that 
X X j/o,(n) is contained in the fiber of / at zo_(„), where j/o,(n) ■= Spec((!lv_yo/my+^). 
In other words, / restricts to a morphism /„ : A x ?/o,(n) ^ -Zoqn)- Consider the 
associated homomorphism of algebras ff : O(zo,(n)) —>■ 0{X x yo,(n))- By Lemma 
12.3.31 and the assumptions on X, we have 0{X x j/o,(n)) = C)(A) (g)^ O(j/o,(n)) = 
^{yo,{n))- Since ^:o,(n) is affine, it follows that fn factors through a morphism 
9n ■■ yo,in) Z, i.e., fn[x,y) = gn{y) identically. In particular, f{x,y) = f{xo,y) 
on A X ?/o.(n)- 

Next, consider the largest closed subscheme IT C A x A on which f{x, y) = 
f{xo,y), i.e., W is the pull-back of the diagonal in Z x Z under the morphism 
{x, y) !-)• (/(a;, j/), /(ccq, y))- Then W contains A x yo,(n) for all n. Since Y is locally 
noetherian and irreducible, the union of the 2/o,(n) is dense in Y. It follows that the 
union of the A x ?/o,(n) is dense in A x A; we conclude that IT = A x A. □ 

Proposition 3.3.4. Let H be an anti-affine algebraic group, G an algebraic 
group and f : H ^ G a morphism of schemes such that fieu) = ^g- Then f is a 
homomorphism and factors through the center of . 

Proof. Since H is connected by Lemma [3.3.21 we see that / factors through 
GT Thus, we may assume that G is connected. 

Consider the morphism 

ip-. H xH — >G, (x,y) 1 — f{xy)f{y)~^f{x)~\ 

Then ip(x,eH) = e-G = ‘pie.H^CH) identically; also, H is irreducible in view of 
Lemma [3. 3. 21 Thus, the rigidity lemma applies, and yields ipix, y) = ip{eH, y) = cg 
identically. This shows that / is a homomorphism. 

The assertion that / factors through the center of G is proved similarly by 
considering the morphism 

ijj-.HxG — >G, {x,y)<—> f{x)yf{x)~^y~^. 

□ 

In particular, every anti-affine group G is commutative. Also, note that G/H 
is anti-affine for any subgroup scheme H C G (since 0{G/H) = 0{G)^). 

We may now complete the proof of Theorem [T] with the following: 

Proposition 3.3.5. Let G be an algebraic group and H the kernel of the 
affinization morphism ofG. 

(1) H is contained in the center of G^. 

(2) H is the largest anti-affine subgroup of G. 

Proof. (1) By Theorem 13.2. 11 H is anti-affine. So the assertion follows from 
Lemma [3.3.21 and Proposition 13.3.41 or alternatively, from Corollary 13. 1.71 

(2) Consider another anti-affine subgroup A C G. Then the quotient group 
N/N niL is anti-affine, and also affine (since N/NCiH is isomorphic to a subgroup 
of G/H, and the latter is affine). As a consequence, N/N D H is trivial, that is, N 
is contained in H. □ 
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We will denote the largest anti-affine subgroup of an algebraic group G by Gant- 

For later use, we record the following observations: 

Lemma 3.3.6. Let G he an algebraic group and iV < G a normal subgroup 
scheme. Then the quotient map G —>■ G/N yields an isomorphism 

Gant /G 

ant ^ ^ A {G/N) 

ant ■ 

Proof. By Proposition 12.7.41 we have a closed immersion of algebraic groups 
Gant/Gant Cl N ^ G/N] moreovcr, Gant/Gant n iV is anti-affine. So we obtain a 
closed immersion of commutative algebraic groups j : Gant/Gant H (G/iV)ant. 
Denote by G the cokernel of j; then G is anti-affine as a quotient of {G/N)ant- 
Also, G is a subgroup of (G/Af)/(Gant/Gant H N), which is a quotient group of 
G/Gant- Since the latter group is affine, it follows that G is affine as well, by using 
Proposition 13.1.21 Thus, G is trivial, i.e., j is an isomorphism. □ 

Lemma 3.3.7. The following conditions are equivalent for an algebraic group G: 

(1) G is proper. 

(2) Gant o-n abelian variety and G/Gi^nt is finite. 

Under these conditions, we have Gant = G/g^; in particular, G/g^ is a smooth 
connected algebraic group and its formation commutes with field extensions. 

Proof. ( 1 )=>( 2 ) As Gant is smooth, connected and proper, it is an abelian 
variety. Also, G/Gant is proper and affine, hence finite. 

(2)=>(1) This follows from Remark l3.1.31 

For the final assumption, note that the quotient group scheme G°/Gant is 
finite and connected, hence infinitesimal. So the algebra G(G°/Gant) is local with 
residue field k (via evaluation at e). It follows that (G°/Gant)red = e and hence 
that G/gj C Gant; this yields the assertion. □ 

Notes and references. 

Some of the main results of this section originate in Rosenlicht’s article |48) . 
More specifically. Corollary 13.1.71 is a scheme-theoretic version of |481 Thm. 13], 
and Theorem 13.2. 11 of [481 Cor. 3, p. 431]. 

Also, Theorem l3.2.11 Lemma [3.3.21 and Proposition [TT4] are variants of results 
from [22] IIL3.8]. 

The rigidity lemma 13.3.31 is a version of [521 Thm. 1.7]. 

4. Proof of Theorem [2] 

4.1. The Albanese morphism. Throughout this subsection, A denotes an 
abelian variety, i.e., a smooth connected proper algebraic group. Then A is com¬ 
mutative by Corollary 13.1.71 Thus, we will denote the group law additively; in 
particular, the neutral element will be denoted by 0. Also, the variety A is projec¬ 
tive (see [411 p. 62]). 

Lemma 4.1.1. Every morphism f ^ A is constant. 

Proof. We may assume that k is algebraically closed. Suppose that / is non¬ 
constant and denote by G C A its image, with normalization r] : C ^ C. Then 
/ factors through a surjective morphism G. By Liiroth’s theorem, it follows 

that G = Thus, / factors through the normalization 77 : P^ —)• G and hence 
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it suffices to show that 77 is constant. In other words, we may assume that / is 
birational to its image. Then the differential 

df : Tpi ^ riTA) 

is non-zero at the generic point of and hence is injective. Since the tangent sheaf 
Ta is trivial and Tpi = Opi(2), we obtain an injective map Opi —>■ Opi(—2)®", 
where n := dimlA). This yields a contradiction, since iJ°(P^,Opi) = k while 
H°{F\Opi{-2)) =0. □ 

Theorem 4.1.2. Let X be a smooth variety and / : X ---> A a rational map. 
Then f is a morphism. 

Proof. Again, we may assume k algebraically closed. View / as a morphism 
U ^ A, where t/ C A is a non-empty open subvariety. Denote by V C X x A 
the closure of the graph of /, with projections pi : Y X, p 2 :Y — 5 > A. Then pi 
is proper (since so is A) and birational (since it restricts to an isomorphism over 
U). Assume that pi is not an isomorphism. Then pi contracts some rational curve 
in V, i.e., there exists a non-constant morphism 5 : P^ —> V such that pi o g is 
constant (see [211 Prop. 1.43]). It follows that p 2 o 5 : P^ —t A is non-constant; but 
this contradicts Lemma [4. 1.11 □ 

Lemma 4.1.3. Let X, Y be varieties equipped with k-rational points xq, yo and 
let f : X xY A be a morphism. Then we have identically 

f{x, y) - fixo, y) - fix, yo) + /{xq, yo) = 0. 

Proof. By a result of Nagata (see |44L 145) . and |36) for a modern proof), we 
may choose a compactification of X, i.e., an open immersion X ^ X, where X is 
a proper variety. Replacing X with its normalization, we may further assume that 
X is normal. Also, we may assume k algebraically closed from the start. 

Denote by U the smooth locus of X and by V the smooth locus of Y. By 
Theorem l4.1.21 the rational map f : X xY ---* A yields a morphism g : U xV —>• A. 
Also, note that the complement X\U has codimension at least 2, since X is normal 
and k = k. It follows that 0(11) = 0{X) = k. Using again the assumption that 
k = k, we may choose points xi G Uik), yi G V{k). Consider the morphism 

(f-.UxV —> A, ix,y) I —> gix,y) - gixi,y) - g{x,yi) + gixi,yi). 

Then ipix, yi) = 0 identically, and hence (^ = 0 by rigidity ('Lemma l3.3.3l) . It follows 
that fix, y) — fixi,y) — fix, yi) + fixi,yi) = 0 identically on A x V. This readily 
yields the desired equation. □ 

Proposition 4.1.4. Let G be a smooth connected algebraic group. 

(1) Let f : G ^ A be a morphism to an abelian variety sending e to 0. Then 
f is a homomorphism. 

(2) There exists a smallest normal subgroup scheme N of G such that the 
quotient G/N is an abelian variety. Moreover, N is connected. 

(3) For any abelian variety A, every morphism f : G ^ A sending e to 0 
factors uniquely through the quotient homomorphism a : G ^ G/N. 

(4) The formation of N commutes with separable algebraic field extensions. 

Proof. (1) This follows from Lemma [4.1.31 applied to the map G x G ^ A, 
ix, y) cA fixy) and to xq = yo = e. 
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(2) Consider two normal subgroup schemes Ni, N 2 of G such that G/Ni, G/N 2 
are abelian varieties. Then 7Vi n N 2 is normal in G and G/Ni n N 2 is proper, since 
the natural map 

G/Ni nN 2 ^ G/Ni X G/N 2 

is a closed immersion of algebraic groups lProDOsition l2.7.lTl . Since G/Ni n N 2 is 
smooth and connected, it is an abelian variety as well. It follows that there exists 
a smallest such subgroup scheme, say N. 

We claim that the neutral component iV° is normal in G. To check this, we 
may assume k algebraically closed. Then G{k) is dense in G and normalizes 
this yields the claim. 

The natural homomorphism G/N^ —5> G/N is finite, since it is a torsor under 
the finite group 7V/iV° fPropositions 12.6751 and 12.8.41) . As a consequence, G/N^ is 
proper; hence N = by the minimality assumption. Thus, N is connected. 

(3) By (1), / is a homomorphism; denote its kernel by H. Then G/H is an 
abelian variety in view of Proposition l2.7.4l Thus, H contains N, and the assertion 
follows from Proposition 12.8.41 

(4) This is checked by a standard argument of Galois descent, as in the proof 

of Lemma 13.1.41 □ 

Remark 4.1.5. In fact, the formation of N commutes with all separable field 
extensions. This may be proved as sketched in Remark l3.1.5l 

With the notation and assumptions of Proposition 14.1.41 we say that the quo¬ 
tient morphism 

a:G^ G/N 

is the Albanese homomorphism of G, and G/N =: Alb(G) the Albanese variety. 

Actually, Proposition 14.1.^ 131 extends to any pointed variety, i.e., a variety 
equipped with a fc-rational point: 

Theorem 4.1.6. Let {X,x) be a pointed variety. Then there exists an abelian 
variety A and a morphism a = ax : A —>■ A sending x to 0, such that for 
any abelian variety B, every morphism X ^ B sending x to 0 factors uniquely 
through a. 

Prooe. See [541 Thm. 5] when k is algebraically closed; the general case is 
obtained in [621 Thm. Al]. □ 

The morphism a : X ^ A in the above theorem is uniquely determined by 
(A, x); it is called the Albanese morphism, and A is again the Albanese variety, 
denoted by Alb(A). Combining that theorem with Theorem 14.1.21 and Lemma 
14.1.31 we obtain readily: 

Corollary 4.1.7. (1) For any smooth pointed variety (A, x) and any 

open subvariety U C X containing x, we have a commutative square 

U Alb(17) 

j AlbO) 

A^^ Alb(A), 

where j : U ^ X denotes the inclusion and Alb(j) is an isomorphism. 
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(2) For any pointed varieties {X,x), (Y,y), we have axxY = ax x ay- In 
particular, the natural map 

Aib(x X r) —^ Aib(A:) X Aib(r) 


is an isomorphism. 

(3) Any action a of a smooth connected algebraic group G on a pointed variety 
X yields a unique homomorphism f = fa ■ Alb(G') Alb(Ar) such that 
the square 


■X 


GxX- 

oicX-ax 


Alb(G) X Alb(A:) Alb(A:) 


commutes. 


The formation of the Albanese morphism commutes with separable algebraic 
field extensions, by Galois descent again. But it does not commute with arbitrary 
field extensions, as shown by Example 14.2.71 below. 

4.2. Abelian torsors. 


Lemma 4.2.1. Let A an abelian variety and n a non-zero integer. Then the 
multiplication map 

UA '■ A — y A, X I— y nx 

is an isogeny. 

Proof. See [HI p. 62]. □ 

Example 4.2.2. With the above notation, consider the semi-direct product 
G := Z/2 X A, where Z/2 (viewed as a constant group scheme) acts on A via 
X i-A Fx. One may check that the center Z of G is the kernel of the multiplication 
map 2a and hence is finite; thus, G/Z is not affine. So Corollary 13.1.71 does not 
extend to disconnected algebraic groups. 

Also, note that G is not contained in any connected algebraic group, as follows 
from Proposition 13.3.41 

Lemma 4.2.3. Let G be a smooth connected commutative algebraic group, with 
group law denoted additively, and let f : X ^ Spec(fc) be a G-torsor. Then there 
exists a positive integer n and a morphism cp : X ^ G such that 

(p{g ■ x) = ip[x) + ng 

identically on G x X. 

Proof. If X has a /c-rational point x, then the orbit map : G ^ X, g g-x 
is a G-equivariant isomorphism, where G acts on itself by translation. So we may 
just take ip = and n = 1 (i.e., p is G-equivariant). 

In the general case, since A is a smooth variety, it has a AT-rational point xi for 
some finite Galois extension of fields K/k. Denote by Q the corresponding Galois 
group and by cci,..., the distinct conjugates of Xi under Q. Then the first step 
yields G^-equivariant isomorphisms gi : Xk —t Gk for i = l,...,n, such that 
X = gi(x) • Xi identically. Consider the morphism 

(f-.Xx — >Gk, a; I —y gi{x) A - V gn{x). 
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Then (j) is equivariant under Q, since that group permutes the Xi’s and hence the 
gi’s. Also, we have (j){g ■ x) = (j){x) + ng identically. So (j) descends to the desired 
morphism A —^ G. □ 

Proposition 4.2.4. Let A be an abelian variety and f : X ^ Y an A-torsor, 
where A, Y are smooth varieties. Then there exists a positive integer n and a 
morphism (p : X ^ A such that (p{a ■ x) = p(x) + na identically on A x X. 

Proof. Let py ■ Spec k{Y) A be the generic point. Then the base change 
A Xy SpecA:(A) —^ SpecA:(A) is an Afc(y)-torsor. Using Lemma 14.2.31 we obtain 
a map ip : X Xy Specfc(A) —^ Ai^py) satisfying the required covariance property. 
Composing ip with the natural maps gx x f ■ Specfc(A) —)> A Xy Spec A:(A) and 
77 : Akpy) —>■ A yields a map Specfc(A) —>■ A, which may be viewed as a rational 
map A ---» A and hence (by Theorem l4.1.2l) as a morphism ip : X ^ A. Clearly, p 
satisfies the same covariance property as ip. □ 

Theorem 4.2.5. Let G be a smooth connected algebraic group and A Q G an 
abelian subvariety. Then A C Z(G) and there exists a connected normal subgroup 
scheme H C G such that G = A ■ H and An H is finite. Lf k is perfect, then we 
may take H smooth. 

Proof. By Proposition 13.3.41 A is contained in the center of G. The quotient 
map q : G ^ G/A is an A-torsor; also, G/A is smooth, since so is G. Thus, 
Proposition 14.2.41 yields a map p : G ^ A such that p{ag) = p{g) + na identically, 
for some integer n > 0. Composing p with a translation of A, we may assume that 
p(^g) = 0- Then y; is a homomorphism in view of Proposition 14.1.41 its restriction 
to A is the multiplication 

We claim that G = A • Ker((^). Since G is smooth, it suffices by Lemma 12.8.61 
to show the equality G(k) = A(fc) Ker((/3)(fc). Let g G G(fc); by Lemma [4. 2. 11 there 
exists a G A{k) such that p{g) = na. Thus, p{a~^g) = 0; this yields the claim. 

Let H := Ker((p)°. Then A n iL is hnite, since it is contained in A fl Ker((p) = 
Ker(n^). We now show that G = A-H. The homogeneous space G/A-H is smooth 
and connected, since so is G. On the other hand, G/A • H = A - Yer{p)/A ■ H is 
homogeneous under KeT{p)/H = 7ro(Ker((/j)), and hence is finite. Thus, G/A • H is 
trivial; this yields the assertion. Since H centralizes A, it follows that H is normal 
in G. 

Finally, if k is perfect, then we may replace H with iLred in the above argument. 

□ 

Corollary 4.2.6. Let A he an abelian variety and B Q A an abelian subvari¬ 
ety. Then there exists an abelian subvariety GCA such that A = B -\-G and BClC 
is finite. 

Proof. By the above theorem, there exists a connected subgroup scheme H 
of A such that A = B H and B DH is finite. Now replace H with iLred, which is 
an abelian subvariety by Lemma 13.3.71 □ 

The following example displays several specific features of algebraic groups over 
imperfect fields. It is based on Weil restriction; we refer to Appendix A of [20] for 
the definition and main properties of this notion. 

Example 4.2.7. Let k be an imperfect field. Choose a non-trivial finite purely 
inseparable extension K of k. Let A' be a non-trivial abelian variety over AT; then 
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the Weil restriction =: G is a smooth connected commutative algebraic 

group over k, of dimension [K : k] dim(A'). Moreover, there is an exact sequence 
of algebraic groups over K 

(4.2.1) 1 ^ U' ^ Gk ^ A' ^ 1, 

where U' is non-trivial, smooth, connected and unipotent (see |201 A.5.11]). It 
follows readily that q is the Albanese homomorphism of Gk- 

Let H he a. smooth connected affine algebraic group over k. We claim that 
every homomorphism / : iJ —>■ G is constant. Indeed, the morphisms of fc-schemes 
f : H ^ G correspond bijectively to the morphisms of AT-schemes /' : Hk —t A', 
via the assignment />->■/':= g o (see |201 A.5.7]). Since g is a homomorphism, 
this bijection sends homomorphisms to homomorphisms. As every homomorphism 
Hk —t A' is constant, this proves the claim. 

Next, consider the Albanese homomorphism a : G ^ Alb(G). If aK = q, then 
Ker(a)i<: = Kev^ax) = U'\ as a consequence, Ker(a) is smooth, connected and 
affine. By the claim, it follows that Ker(a) is trivial, i.e., G is an abelian variety. 
Then so is Gk, but this contradicts the non-triviality of U'. So the formation of 
the Albanese morphism does not commute with arbitrary field extensions. 

Note that U' = L{Gk) (the largest smooth connected normal affine subgroup 
scheme of Gk, introduced in Lemma 13.1.41) . Also, L{G) is trivial by the claim. 
Thus, the formation of L{G) does not commute with arbitrary field extensions. 

Likewise, G is not an extension of an abelian variety by a smooth connected 
affine algebraic group. We will see in Theorem 14.3.21 that every smooth connected 
algebraic group over a perfect field lies in a unique such extension. 

For later use, we analyze the structure of G in more detail. We claim that there 
is a unique exact sequence 

1 — >A —>G —>U —^1, 

where A is an abelian variety and U is unipotent. This is equivalent to the assertion 
that Gant is an abelian variety, and G/Gant is unipotent. So it suffices to show the 
corresponding assertion for Gk- We may choose a positive integer n such that 
Pij, = 0. Thus, the extension (14.2.111 is trivialized by push-out via p^,. It follows 
that (14.2.11) is also trivialized by pull-back via p^/, and hence Gk — (U' x A')/F 
for some finite group scheme F (isomorphic to the kernel of p\, ). So the image of 
A' in Gk is an abelian variety with unipotent quotient; this proves the claim. 

Next, we claim that there exists a connected unipotent subgroup scheme V Q G 
such that G = A ■ V and A D V is finite. This follows from Theorem 14.2.51 or 
directly by taking for V the neutral component of Ker(pQ), where m is chosen so 
that Pif = 0. Yet there exists no smooth connected subgroup scheme H C G such 
that G = A - H and ACiH is finite. Otherwise, the quotient homomorphism G ^ U 
restricts to a homomorphism H ^ U with finite kernel. Thus, H is affine; also, G 
is an extension of the abelian variety AjA Ci H hy H. This yields a contradiction. 

4.3. Completion of the proof of Theorem The final ingredient in 
Rosenlicht’s proof of the Chevalley structure theorem is the following: 

Lemma 4.3.1. Every non-proper algebraic group over an algebraically closed 
field contains an affine subgroup scheme of positive dimension. 

We now give a brief outline of the proof of this lemma, which is presented in 
detail in M Sec. 2.3]; see also |401 Sec. 4]. Let G be a non-proper algebraic group 
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over k = k. Then is non-proper as well, and hence we may assume that G is 
smooth and connected. By |44L 145) . there exists a compactification X of G, i.e., X 
is a proper variety containing G as an open subvariety; then the boundary X \ G 
is non-empty. The action of G by left multiplication on itself induces a faithful 
rational action 

a-.G X X X. 

One shows (this is the main step of the proof) that there exists a proper variety 
X' and a birational morphism ip : X' ^ X such that the induced birational action 
a' : G X X' — ■* X' normalizes some irreducible divisor D C X\ i.e., a! induces 
a rational action G x D — D. Then one considers the “orbit map” a(, for a 
general point x £ D, and the corresponding “stabilizer” Gc{x) (these have to be 
defined appropriately). By adapting the argument of Proposition 13.1.61 one shows 
that Cg(x) is affine; it has positive dimension, since dim(G/C'G(a;)) < dim(Il) = 
dim(G) — 1. So Cg(t) is the desired subgroup scheme. 

We now show how to derive Theorem [2] from Lemma 14.3.11 under the assump¬ 
tions that k is perfect and G is smooth and connected. We then have the following 
more precise result, which is a version of Chevalley’s structure theorem: 

Theorem 4.3.2. Let G be a smooth eonneeted algebraie group over a perfeet 
field k, and L = L{G) the largest smooth connected affine normal subgroup seheme. 

(1) L is the kernel of the Albanese homomorphism of G. 

(2) The formation of L commutes with field extensions. 

Proof. (1) Recall that the existence of L{G) has been obtained in Lemma 
13.1.41 as well as the triviality of L{G/L{G)). We may thus replace G with G/L and 
assume that L is trivial. Also, since the formations of L{G) and of the Albanese 
homomorphism commute with algebraic field extensions (see Lemma 13.1.41 again, 
and Proposition 14.1.41) , we may assume that k is algebraically closed. 

Consider the center Z of G. If Z is proper, then its reduced neutral component 
^red abelian variety, say A. Since G/Z is affine fCorollarv 13.1.71) and Z/A 
is finite, G/A is affine as well by Proposition 13.1.21 Also, by Theorem 14.2.51 there 
exists a smooth connected normal subgroup scheme H <G such that G = A H and 
ADH is finite. Then H/ACiH = G/A is affine, and hence H is affine by Proposition 
13.1.21 again. It follows that H is trivial, and G = A is an abelian variety. 

On the other hand, if Z is not proper, then it contains an affine subgroup 
scheme N of positive dimension by Lemma [4.3.11 Thus, is a non-trivial smooth 
connected central subgroup scheme of G. But this contradicts the assumption that 
L{G) is trivial. 

(2) Let AT be a field extension of k. Then the exact sequence 
1 — >L —>G — >A —^ 1 


yields an exact sequence of smooth connected algebraic groups over K 
1 — Lk —> Gk — 5 ” Ak —> 1 , 

where Lk is affine and Ak is an abelian variety. It follows readily that Lk equals 
L{Gk) and is the kernel of the Albanese homomorphism of Gk- Cl 


Remark 4.3.3. With the notation and assumptions of the above theorem, 
every smooth connected affine subgroup scheme of G (not necessarily normal) has 
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a trivial image in the abelian variety A. Thus, L is the largest smooth connected 
afhne subgroup scheme of G. 

We now return to an arbitrary field and obtain the following: 

Theorem 4.3.4. Let G be a smooth algebraic group and denote by N the kernel 
of the Albanese homomorphism of G^. Then N is the smallest normal subgroup 
scheme of G such that the guotient is proper. Moreover, N is affine and connected. 

Proof. By Proposition 14.1.41 N is connected. Also, as G^/N is proper and 
G/G® is finite, G/N is proper. 

We now show that N is normal in G. For this, we may assume that k is 
separably closed, since the formation of N commutes with separable algebraic field 
extensions (Proposition I4.1.T1 againl. Then G(fc) is dense in G by smoothness, 
and normalizes N by the uniqueness of the Albanese homomorphism. Thus, G 
normalizes N. 

Next, we show that N is contained in every normal subgroup scheme H < G 
such that G/H is proper. Indeed, one sees as above that < G and G/H'^ is 
proper as well; hence G'^ is an abelian variety. Thus, A N as desired. 

Finally, we show that N is affine. For this, we may assume that G is connected. 
By Theorem l4.3.21 there exists an exact sequence of algebraic groups over the perfect 
closure ki, 

1 —> Li —> Gki —^ Ai —> 1 , 

where Li is smooth, connected and affine, and Ai is an abelian variety. This exact 
sequence is defined over some subfield K f- ki, finite over k. In other words, there 
exists a finite purely inseparable field extension K oi k and a smooth connected 
affine normal subgroup scheme L' < Gk such that Gk / L' is an abelian variety. 

By Lemma 14.3.51 below, we may choose a subgroup scheme L C G such that 
Lk a L' and Lk/L' is finite. As a consequence, Lk ^ Gk and hence L < G. Also, 
Lk is affine and hence L is affine. Finally, {G/L)k — Gk/Lk — {Gk/L')/{Lk/L') 
is an abelian variety, and hence G/L is an abelian variety. Thus, N C Lis affine. □ 

Lemma 4.3.5. Let G be an algebraic group over k. Let K be a finite purely 
inseparable field extension of k, and H' C Gk a K-subgroup scheme. Then there 
exists a k-subgroup scheme HAG such that H' C Hk and Hk/H' is finite. 

Proof. We may choose a positive integer n such that C k. Consider the 
nth relative Frobenius homomorphism 

ZTiTi_zTiTi . 

r —i'GK/K-^K - 

as in 112.91 Denote by H!^ the pull-back under F" of the subgroup scheme iL'l") 
of G^^. Then H' C H!^ and the quotient Hf/H' is finite, since F" is the identity 
on the underlying topological spaces and remains so over k. Denote by I' C Oqk 
the sheaf of ideals of H'-, then the sheaf of ideals of is generated by the 
p^th powers of local sections of X', as follows from (12. 9. III . Since C k, every 
such power lies in Oq- Thus, X^ = Tk for a unique sheaf of ideals X C Oq- The 
corresponding closed fc-subscheme HAG satisfies Hk = H'^, and hence is the 
desired subgroup scheme. □ 
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Remark 4.3.6. Let G be a smooth connected algebraic group over k with Al- 
banese homomorphism a : G ^ Alb(G) and consider a field extension K of k. Then 
the homomorphism ax ■ Gk Alb(G)i<' factors through a unique homomorphism 

f AMGk) ^ A1HG)k. 

Since a is surjective, / is surjective as well. Moreover, Ker(/) is infinitesimal: 
indeed, denoting by a' : Gk Alb (Gif) the Albanese homomorphism, we have 
Ker(Q;') C Ker(Q:if) and Ker(/) = Ker(Q:if)/Ker(a'). In particular, Ker(/) is 
affine and connected. But Ker(/) is also a subgroup scheme of the abelian variety 
Alb(Gif); hence it must be finite and local. 

In loose terms, the formation of the Albanese homomorphism commutes with 
held extensions up to purely inseparable isogenies. 

Since every algebraic group is an extension of a smooth algebraic group by an 
infinitesimal one ((Proposition 12.9.2]) . Theorem 14.3.41 implies readily: 

Corollary 4.3.7. Every connected algebraic group G is an extension of an 
abelian variety by a connected affine algebraic group. 

Yet G may contain no smallest connected affine subgroup scheme with quotient 
an abelian variety, as shown by the following: 

Example 4.3.8. Assume that char(A:) = p > 0 and let A be a non-trivial 
abelian variety. Then A contains two non-trivial infinitesimal subgroup schemes /, 
J such that J C I: we may take I = Ker{FA/k) and J = Ker(F^^^), where 
denotes the nth relative Frobenius morphism as in ii2.9l Thus, 

G:= (A X /)/diag(J) 

is a connected commutative algebraic group, where diag(a;) := {x,x). Consider the 
infinitesimal subgroup schemes Ni := (J x J)/diag(J) and N 2 := diag(/)/diag(J) 
of G. Then G/Ni = Aj J and GjN^ = A are abelian varieties. Also, A^i n N 2 is 
trivial, and G is not an abelian variety. 

To complete the proof of Theorem[2l it remains to treat the general case, where 
G is an arbitrary algebraic group over an arbitrary field. We then have to prove: 

Lemma 4.3.9. Any algebraic group G has a smallest normal subgroup scheme 
N such that G/N is proper. Moreover, N is affne and connected. 

Proof. The existence of N is obtained as in the proof of Proposition 14.1.4l 

We now claim that there exists a connected affine normal subgroup 77 < G 
such that G/H is proper. For this, we may reduce to the case where G is smooth 
by using Proposition 12.9.21 if char(fc) > 0. Then we may take for H the kernel of 
the Albanese homomorphism of G° (Theorem 14.3.41) : this proves the claim. 

Given H as in that claim, is a normal subgroup scheme of 77, and hence is 
affine. Moreover, H/N is affine, connected, and proper since G/N is proper. Thus, 
H/N is infinitesimal; it follows that N is connected. □ 

Notes and references. 

Theorem 14.1.21 is called Weil’s extension theorem. The proof presented here is 
taken from that of [211 Cor. 1.44]. 
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Many results of this section are due to Rosenlicht. More specifically, Lemma 
14 .2. 31 is a version of |48l Thm. 14], and Theorem l4.2.51 of [481 Cor. , p. 434]; Lemma 
I4.3.1l is |481 Lem. 1, p. 437]. 

Corollary 14.2.61 is called Poincare’s complete reducibility theorem] it is proved 
e.g. in mi p. 173] over an algebraically closed field, and in |191 Cor. 3.20] over 
an arbitrary field. It implies that every abelian variety is isogenous to a product 
of simple abelian varieties, and these are uniquely determined up to isogeny and 
reordering. 

Example 14.2.71 develops a construction of Raynaud, see |SGA3[ XVILC.5]. 
The proof of Lemma [4.3.51 is taken from [9l 9.2 Thm. 1]. Corollary 14.3.71 is due to 
Raynaud, see |471 IX.2.7]. 

5. Some further developments 

5.1. The Rosenlicht decomposition. Throughout this section, G denotes 
a smooth connected algebraic group. By Theorem O G has a smallest connected 
normal affine subgroup scheme Gag with quotient being an abelian variety; also, 
recall that Gag is the kernel of the Albanese homomorphism o : G —>■ Alb(G). 
On the other hand, by Theorem [H every algebraic group H has a largest anti- 
affine subgroup scheme that we will denote by Rant; moreover. Rant is smooth, 
connected, and contained in the center of R°. Also, Rant is the smallest normal 
subgroup scheme of R having an affine quotient. 

We will analyze the structure of G in terms of those of Gag and Gant- Note that 
(Gag)ant IS trivial (since Gag is affine), but (Gant)ag may have positive dimension 
as we will see in 115.51 

Theorem 5.1.1. Keep the above notation and assumptions. 

(1) G= Gag -Gant. 

(2) Gag n Gant Contains (Gant)ag- 

(3) The quotient (Gag O Gant)/(Gant)ag is finite. 

Proof. (I) By Proposition 12.8.51 Gag • Gant is a normal subgroup scheme of 
G. Moreover, the quotient G ^ G/Gag • Gant factors through a homomorphism 
G/Gag -)> G/Gag-Gan t and also through a homomorphism G/Gant G/Gag-Gant, 
in view of Proposition l2.8.4l In particular, G/Gag ■ Gant is a quotient of an abelian 
variety, and hence is an abelian variety as well. Also, G/Gag ■ Gant is a quotient 
of an affine algebraic group, and hence is affine as well [Proposition 13.1.^ . Thus, 
G/Gag ■ Gant IS trivial; this proves the assertion. 

(2) Proposition 12.8.51 yields an isomorphism Gant/Gant C Gag = G/Gag. In 
particular, Gant/Gant H Gag is an abelian variety. Since Gant H Gag is affine, the 
assertion follows from Theorem [2| 

(3) Consider the quotient G := G/(Gant)ag- Then G = Gag • Gant, where 

Gag .— Gag/(Gant)ag and Gant ■— Gant/(Gant)ag- Moreover, Gag is affine (as a 
quotient of Gag) and Gant is an abelian variety. Thus, Gant H Gant is finite. This 
yields the assertion in view of Proposition 12.8.31 □ 

Remark 5.1.2. The above theorem is equivalent to the assertion that the mul¬ 
tiplication map of G induces an isogeny 

(Gag X Gant)/(Gant)ag ^ G, 

where (Gant)ag is viewed as a subgroup scheme of Gag x Gant via x i—>■ (ai,ai“^). 
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Theorem [5TT] may also be reformulated in terms of the two Albanese vari¬ 
eties Alb(G') = G/Gaff and Alb(Gant) = Gant/(Gant) air- Namely, the inclusion 
t : Gant —>■ G yields a homomorphism Alb(t) : Alb(Gant) —>• Alb(G) with kernel 
isomorphic to (Gaff n Gant)/(Gant)aff- The assertion (1) is equivalent to the surjec¬ 
tivity of Alb(i), and (3) amounts to the finiteness of its kernel. So Theorem 15.1.11 
just means that Alb((,) is an isogeny. 

Proposition 5.1.3. With the above notation and assumptions, Gant the 
smallest subgroup scheme H (Z G such that G = H ■ Gaff. 

Proof. Let C G be a subgroup scheme. Then TJant • Gaff C G is a normal 
subgroup scheme, since iLant is central in G; moreover, G/iLant • Gaff is a quotient 
of G/Gaff, hence an abelian variety, li G = H ■ Gaff, then 

G/iLant • ^aff — iL/iLn(iLanf Gaff). 

Moreover, H n (iLant • Gaff) is a normal subgroup scheme of H containing 
thus, the quotient H/H n (iLant • Gaff) is affine. So G/Hant • Gaff is trivial, i.e., 
G = Hant ■ Gaff. By Proposition 12.8.41 it follows that G/iJant = Gas/GaS n iLant- 
The right-hand side is the quotient of an affine algebraic group by a normal subgroup 
scheme, and hence is affine. By Theorem [TJ it follows that iJant 2 Gant- Gl 

Remark 5.1.4. By the above proposition, the extension 
1 ^ Gaff ^ G ^ Alb(G) ^ 1 

is split if and only if Gaff HGant is trivial. But this fails in general; in fact. Gaff HGant 
is generally of positive dimension, and hence the above extension does not split after 
pull-back by any isogeny (see Remark 15.5.61 below for specific examples). 

We now present two applications of Theorem 15.1.11 first, to the derived sub¬ 
group V{G). Recall from |221 11.5.4.8] (see also |SGA3l VIB.7.8]) that V{G) is the 
subgroup functor of G that assigns to any scheme S, the set of those g S G{S) such 
that g lies in the commutator subgroup of G(5") for some scheme S', faithfully flat 
and of finite presentation over S. Moreover, the group functor 'D{G) is represented 
by a smooth connected subgroup scheme of G, and 'D{G){k) is the commutator 
subgroup of Gik). 

Corollary 5.1.5. With the above notation and assumptions, we have T>(G) = 
2^(Gaff). In particular, T>(G) is affine. Also, G is commutative if and only if Gaff 
is commutative. 

Our second application of Theorem 15 . 1.11 characterizes Lie algebras of algebraic 
groups in characteristic 0: 

Corollary 5.1.6. Assume that char(fc) = 0 and consider a finite-dimensional 
Lie algebra g over k, with center]). Then the following conditions are equivalent: 

(1) g = Lie(G) for some algebraic group G. 

(2) g = Lie(L) for some linear algebraic group L. 

(3) g/j (viewed as a Lie subalgebra o/Lie(GL(g)) via the adjoint representa¬ 
tion) is the Lie algebra of some algebraic subgroup o/GL(g). 

Proof. Since (2)4=>(3) follows from |161 V.5.3] and (2)=>(1) is obvious, it 
suffices to show that (1)^(2). 
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Let G be an algebraic group such that g = Lie(G'). We may assume that G is 
connected. Then G = GaS • Gant = GaS • Z and hence g = gaff + 3 with an obvious 
notation. Thus, we have a decomposition of Lie algebras g = gaff © a for some 
linear subspace a C 3 , viewed as an abelian Lie algebra. Let n := dim(a), then 
L := Gaff X GJJ is a connected linear algebraic group with Lie algebra isomorphic 
to g. □ 

The Lie algebras satisfying the condition (2) above are called algebraic. 

5.2. Equivariant compactification of homogeneous spaces. 

Definition 5.2.1. Let G be an algebraic group and iJ C G a subgroup scheme. 
An equivariant compactification of the homogeneous space G/H is a proper G- 
scheme X equipped with an open equivariant immersion G/H —> X with schemat¬ 
ically dense image. 

Equivalently, A is a G-scheme equipped with a base point x € X{k) such that 
the G-orbit of x is schematically dense in X and the stabilizer Cg{x) equals H. 

Theorem 5.2.2. Let G be an algebraic group and H C G a subgroup scheme. 
Then G/H has an equivariant compactification by a projective scheme. 

Proof. If G is affine, then H is the stabilizer of a line I in some finite- 
dimensional G-module V (see e.g. [221 11.2.3.5]). Then the closure of the G-orbit 
of £ in the projective space of lines of V yields the desired projective equivariant 
compactification X, in view of ProDOsition l2.7.51 Note that X is equipped with an 
ample G-linearized invertible sheaf in the sense of [421 1.3 Def. 1.6]. 

If G is proper, then the homogeneous space G/H is proper as well. So it suffices 
to check that G/H is projective. For this, we may assume k algebraically closed 
by using [EGAl IV.9.1.5]. Note that iJ C iJ • G° C G and the quotient scheme 
G/H ■ G^ is finite and etale, hence constant. So the scheme G/H is a. finite disjoint 
union of copies of • G°/G° = G°/G° fl iJ. Thus, we may assume that G is 
connected. If char(/c) = 0, then G, and hence G/iL, are abelian varieties and thus 
projective. If char(fc) > 0, then Proposition 12.9.21 yields that G/Ker(F2^^.) is an 
abelian variety for n ^ 0; thus, G/H ■ Ker(F2^^) is an abelian variety as well, and 
hence is projective. Moreover, the natural map / : G/H G/H ■ Ker(Fg^^) is the 
quotient by the action of the infinitesimal group scheme Ker(Eg^^), and hence is 
finite. It follows that G/H is projective. 

For an arbitrary algebraic group G, Theoremj^lyields an affine normal subgroup 
scheme N C G such that G/N is proper. Then H ■ N is a subgroup scheme of G 
and G/H ■ N = {G/N)/{H ■ N/N) is proper as well, hence projective. 

We now claim that it suffices to show the existence of a projective H ■ N- 
equivariant compactification Y oi H ■ N/H having an H ■ V-linearized ample line 
bundle. Indeed, by [421 Prop. 7.1] applied to the projection pi : G x F —>• G and 
to the H ■ 7V-torsor q : G ^ G/H ■ N, there exists a unique cartesian square 

G X r-^^-^G 

r Q 

X -^ G/H ■ N, 
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where X is a G-scheme, r and / are G-equivariant, and r is an H ■ N torsor for 
the action defined by x ■ {g,y) := {gx~^,xy), where x € H ■ N, g € G and y € Y. 
Moreover, / is projective, and hence so is X. (We may view / : X —)• G/H ■ N 
as the homogeneous fiber bundle with fiber Y associated with the principal bundle 
q : G ^ G/H ■ N and the H ■ 7V-scheme Y). Also, as in the proof of Proposition 
12.8.41 we have a cartesian square 

GxH ■ N/H - - —G 

n q 

G/H - - —^ G/H ■ N, 

where n is obtained from the multiplication map G x H ■ N ^ G (indeed, this 
square is commutative and the horizontal arrows are H ■ N/H-torsors). Since Y 
is an equivariant compactification of H ■ N/H, it follows that X is the desired 
equivariant compactification of G/H. This proves the claim. 

In view of the first step of the proof (the case of an affine group G), it suffices 
in turn to check that H ■ N acts on H ■ N/H via an affine quotient group. 

By Lemma FS.S.bl {H ■ X)ant is a quotient of {H x fV)ant- The latter is the fiber 
at the neutral element of the afhnization morphism HxN ^ Spec 0{H k TV). Also, 
recall that HkN = HxN as schemes, N is affine, and the affinization morphism 
commutes with finite products; thus, {H k X)ant = ^ant- As a consequence, we 
have (iV-TV)ant = H^nt- Since H-N/H ^ (iV-TV/iJant)/(-ff/iVant), and H-N/H.^t = 
H ■ N/{H ■ TV)ant is affine, this completes the proof. □ 

Remarks 5.2.3. (i) With the notation and assumptions of the above theorem, 
the homogeneous space G/H is quasi-projective. In particular, every algebraic 
group is quasi-projective. 

(ii) Assume in addition that G is smooth. Then G/H has an equivariant 
compactification by a normal projective scheme, as follows from Proposition 12. 5. 11 

(iii) If char(fc) = 0 then every homogeneous space has a smooth projective equi¬ 
variant compactification. This follows indeed from the existence of an equivariant 
resolution of singularities; see |341 Prop. 3.9.1, Thm. 3.36]. 

(iv) Over any imperfect field k, there exist smooth connected algebraic groups 
G having no smooth compactification (equivariant or not). For example, choose 
a € k\kP, where p := char(fc), and consider the subgroup scheme G C defined 
as the kernel of the homomorphism 

G^ —^ Ga, (x, y) I—^ yP -X- ax^. 

Then G^^ is the kernel of the homomorphism {x, y) '—t {y — a^^^xY — x; thus, 
Gki = (Ga)fci via the map {x,y) ^ y — As a consequence, G is smooth, 

connected and unipotent. Moreover, G is equipped with a compactification X, the 
zero subscheme of y^ — xz'p~^ —ax^ in P^; the complement X\G consists of a unique 
fci-rational point P with homogeneous coordinates (1, 0). One may check that 

P is a regular, non-smooth point of X. Since G is a regular curve, it follows that 
X is its unique regular compactification. 

5.3. Commutative algebraic groups. This section gives a brief survey of 
some structure results for the groups of the title. We will see how to build them from 
two classes: the (commutative) unipotent groups and the groups of multiplicative 
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type, i.e., those algebraic groups M such that is isomorphic to a subgroup 
scheme of some torus Both classes are stable under taking subgroup schemes, 

quotients, commutative group extensions, and extensions of the base field (see |22[ 
IV.2.2.3, IV.2.2.6] for the unipotent groups, and |22[ IV.1.2.4, IV.1.4.5] for those of 
multiplicative type). Also, every homomorphism between groups of different classes 
is constant (see [221 IV.2.2.4]). 

The structure of commutative unipotent algebraic groups is very simple if 
char(A:) = 0: every such group G is isomorphic to its Lie algebra via the expo¬ 
nential map (see [221 IV.2.4]). In particular, G is a vector group, i.e., the additive 
group of a finite-dimensional vector space, uniquely determined up to isomorphism 
of vector spaces. In characteristic p > 0, the commutative unipotent groups are 
much more involved (see [221 V.l] for structure results over a perfect field); we just 
recall that for any such group G, the multiplication map Pq is zero for n ^ 0. 

Next, we consider algebraic groups of multiplicative type. Any such group M 
is uniquely determined by its character group X*{M), consisting of the homomor- 
phisms of fcs-group schemes Gk^ (Gm)fe^. Also, X*{M) is a finitely generated 
abelian group equipped with an action of the Galois group T. Moreover, the assign¬ 
ment M 1 -^ X*{M) yields an anti-equivalence from the category of algebraic groups 
of multiplicative type (and homomorphisms) to that of finitely generated abelian 
groups equipped with a T-action (and T-equivariant homomorphisms). Also, M is a 
torus (resp. smooth) if and only if the group X*{M) is torsion-free (resp. p-torsion 
free if char(fc) = p > 0). 

It follows readily that every algebraic group of multiplicative type M has a 
largest subtorus, namely, its character group is the quotient of X*{M) by 

the torsion subgroup. Moreover, the formation of the largest subtorus commutes 
with arbitrary field extensions (see [221 IV. 1.3] for these results). 

Theorem 5.3.1. Let G be a commutative affine algebraic group. 

(1) G has a largest subgroup scheme of multiplicative type M, and the quotient 
G/M is unipotent. 

(2) When k is perfect, G also has a largest unipotent subgroup scheme U, and 
G = M xU. 

(3) Returning to an arbitrary field k, there exists a subgroup scheme H Q G 
such that G = M ■ H and M D H is finite. 

(4) Any exact sequence of algebraic groups 

1 ^ Gi ^ G ^ Ga ^ 1 
induces exact sequences 

1 —>■ Ml —>• M —5> M 2 —>-1, 1 —)• Gi —5> G —>■ Ga —>■ 1 

with an obvious notation. 

Proof. The assertions (1) and (2) are proved in [221 IV.3.1.1] and |SGA3l 
XVII.7.2.1]. 

(3) We argue as in the proof of Theorem 14. 3. 41 By (2), we have Gk, = Mk, x Ui 
for a unique unipotent subgroup scheme Ui C Gk,. Thus, Ui is defined over some 
subfield K C ki, finite over k, and Gk = Mk x G' with an obvious notation. By 
Lemma 14.3.51 there exists a subgroup scheme HUG such that Hk U' and 
Hk/U' is finite. Then Gk = Mk ■ Hk and Mk H Hk is finite. This yields the 
assertion. 
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(4) We have Mi = M n Gi by construction. It follows that the quotient map 
g : G —)> G 2 induces a closed immersion of group schemes l : M/Mi M 2 . Let N 
be the scheme-theoretic image of t; then N is of multiplicative type and G 2 /N is 
a quotient of G/M, hence is unipotent. Thus, N = M 2 ; this yields the first exact 
sequence, and in turn the second one. □ 

The assertion (2) of the above proposition fails over any imperfect field, as 
shown by the following variant of Example 14.2.71 

Example 5.3.2. Let k be an imperfect field and choose a non-trivial finite 
purely inseparable field extension K ol k. Then G := ^x/k(S^m,K) is a smooth 
connected commutative algebraic group of dimension [K : k]. Moreover, there is a 
canonical exact sequence 

(5.3.1) l^U' ^Gk ^ Gm,K 1, 

where U' is a non-trivial smooth connected unipotent group (see |20l A.5.11]). 
Also, we have a closed immersion of algebraic groups 

j '■ ^m,k - > lLx/fe(Gm,A') = G 

in view of [20[ A.5.7]. Thus, Jk ■ Grm,K Gk a closed immersion of algebraic 
groups as well, which yields a splitting of the exact sequence (|5.3.1I1 . Moreover, we 
have an exact sequence 

(5.3.2) 1 ^ <Gm,k ^ G ^ 1/ ^ 1, 

where U is smooth, connected and unipotent (since Uk is isomorphic to U'). 

We claim that (I5.3.2|) is not split. Indeed, it suffices to show that every homo¬ 
morphism f : H ^ G is constant, where H is a smooth connected unipotent group. 
But as in Example 14.2.71 these homomorphisms correspond bijectively to the ho- 
momorphisms f : Hk —^ G>m,K via the assignment f f := q o f. Moreover, 
every such homomorphism is constant; this completes the proof of the claim. 

Next, consider a smooth connected commutative algebraic group (not necessar¬ 
ily affine) over a perfect field k. By combining Theorems 14. 3. 21 and 15.3.11 we obtain 
an exact sequence 

(5.3.3) 1— >TxU — >G-^A —^1, 

where T C G is the largest subtorus, and U C G the largest smooth connected 
unipotent subgroup scheme. This yields in turn two exact sequences 

1— >T — >G/U —^ 1, 1— >U — >G/T —1 

and a homomorphism 

(5.3.4) f -.G ^G/U xaG/T 

which is readily seen to be an isomorphism. 

Thus, the structure of G is reduced to those of G/U and G/T. The former will 
be described in the next section. We now describe the latter under the assumption 
that char(A:) = 0; we then consider extensions 

(5.3.5) 1^U^G^A—>1, 

where U is unipotent and A is a prescribed abelian variety. As 17 is a vector group, 
such an extension is called a vector extension of A. 
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When U = Ga, every extension (I5.3.5|l yields a Ga-torsor over A; this defines 
a map 

Ext!(A Ga)^H^{A, Oa) 

which is in fact an isomorphism (see e.g. |461 111.17]). For an arbitrary vector 
group U, we obtain an isomorphism 

E^t\A,U) ^ H\A,OA)^kU. 

Viewing the right-hand side as Homgp.sch. {H^{A, Oa)*, U), it follows that there is 
a universal vector extension 

(5.3.6) 1 ^ H\A,Oa)* ^ E{A) ^ A^l, 

from which every extension (15.3.51) is obtained via push-out by a unique linear map 

H^{A,Oa)* U. 

Remarks 5.3.3. (i) When char(/c) > 0, every abelian variety A still has a 
universal vector extension E{A), as shown by the above arguments. Yet note that 
E{A) classifies extensions of A by vector groups, which form a very special class of 
smooth connected unipotent commutative groups in this setting. 

(ii) Little is known on the structure of commutative algebraic groups over im¬ 
perfect fields, due to the failure of Chevalley’s structure theorem. We will present 
a partial remedy to that failure in Corollarv l5.6.81 as a consequence of a structure 
result for commutative algebraic groups in positive characteristics fTheorem l5.6.3l) . 

5.4. Semi-abelian varieties. 

Definition 5.4.1. A semi-abelian variety is an algebraic group obtained as an 
extension 

(5.4.1) 1—— >G-^A —^1, 

where T is a torus and A an abelian variety. 

Remarks 5.4.2. (i) With the above notation, q is the Albanese homomorphism. 
It follows that T and A are uniquely determined by G. 

(ii) Every semi-abelian variety is smooth and connected; it is also commutative 
in view of Corollary 15.1.51 Moreover, the multiplication map nc is an isogeny for 
any non-zero integer n, since this holds for abelian varieties (by Lemma 14.2.111 and 
for tori. 

(iii) Given a semi-abelian variety G over k and an extension of fields K oi k, 
the R-algebraic group Gk is a semi-abelian variety. 

In the opposite direction, we will need: 

Lemma 5.4.3. Let G be an algebraic group. If Gj. is a semi-abelian variety, 
then G is a semi-abelian variety. 

Proof. Clearly, G is smooth, connected and commutative. Also, arguing as 
at the end of the proof of Theorem 14.3.41 we obtain a finite extension K of k and 
an exact sequence of algebraic groups over K 

l^T' ^Gk ^ A' ^ I, 

where T' is a torus and A' an abelian variety; here q' is the Albanese homomor¬ 
phism. On the other hand. Theorem 14.3.41 yields an exact sequence 

1 — >N — >G-^A —^1, 
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where N is connected and affine, and A is an abelian variety; also, q is the Albanese 
homomorphism. By Remark 14.3.61 Nk contains T' and the quotient Nk/T' is 
infinitesimal; as a consequence, T' is the largest subtorus of Nk- Consider the 
largest subgroup scheme M C N of multiplicative type; then N/M is unipotent 
and connected. Since the formation of M commutes with field extensions, we 
have {N/M)k = Nk/Mk- The latter is a quotient of Nk/T'\ hence Nk/Mk is 
infinitesimal, and so is N/M. Let T := this is the largest subtorus of N and 

M/T is infinitesimal, hence so is N/T. It follows that G/T =: A is proper; since G 
is smooth and connected, A is an abelian variety. Thus, G is a semi-abelian variety; 
moreover, Tk = T' and Ak = A' in view of Remark 15.4.21 fib □ 

Remark 5.4.4. More generally, if Gk is a semi-abelian variety for some field 
extension K of fc, then G is a semi-abelian variety as well. This may be checked as 
in Remarks 13.1.51 and 14.1.51 by adapting the proof of |20l 1.1.9]. 

Next, we obtain a geometric characterization of semi-abelian varieties: 

Proposition 5.4.5. Let G be a smooth eonneeted algebraic group over a perfect 
field k. Then G is a semi-abelian variety if and only if every morphism (of schemes) 
f : A} ^ G is constant. 

Proof. Assume that G is semi-abelian and consider the exact sequence (15.4.11) . 
Then g o / : —>• A is constant by Lemma [4.1.11 Thus, there exists g € G{k) such 
that factors through the translate gT^ C G^ . So we may view fj. as a morphism 
Al —>• (Al \ 0)" for some positive integer n. Since every morphism Af —)■ Af \ 0 is 
constant, we see that / is constant. 

Conversely, assume that every morphism A^ —>■ G is constant. By [561 14.3.10], 
it follows that every smooth connected unipotent subgroup of G is trivial. In 
particular, the unipotent radical of GaS is trivial, i.e.. Gaff is reductive. Also, Gaff 
has no root subgroups and hence is a torus. So G is a semi-abelian variety. □ 

As a consequence, semi-abelian varieties are stable under group extensions in 
a strong sense: 

Corollary 5.4.6. Let G be a smooth connected algebraic group and N Q G a 
subgroup scheme. 

(1) If G is a semi-abelian variety, then so is G/N. If in addition N is smooth 
and connected, then N is a semi-abelian variety as well. 

(2) If N and G/N are semi-abelian varieties, then so is G. 

(3) Let f : G ^ H be an isogeny, where H is a semi-abelian variety. Then G 
is a semi-abelian variety. 

Proof. We may assume k algebraically closed by Lemma [5.4.31 

(1) We have a commutative diagram of extensions 

1- ^TfiN - ^N --^1 


1-^ T-^ G-^ A -^ 1, 

where T is a torus, A an abelian variety, and B a subgroup scheme of A. This 
yields an exact sequence 

1 —^ T/T f]N —^ G/N —^ A/B —^ 1, 
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where T/T fl is a torus and A/B is an abelian variety. Thus, G/N is a semi- 
abelian variety. The assertion on N follows from Proposition 15.4.51 

(2) Denote by q : G —>■ G/N the quotient morphism. Let / : > G be a 

morphism; then q o f is constant by Proposition 15.4.51 again. Translating by some 
g G G{k), we may thus assume that / factors through N. Then / is constant; this 
yields the assertion. 

(3) Consider the Albanese homomorphism an ■ H -G Alb(iL) and the kernel 

N of the composition an o /. Then N is an extension of Ker(aff) (a torus) by 
Ker(/) (a finite group scheme). As a consequence, N is affine and N/T is finite, 
where T C N denotes the largest subtorus. Since G/N = Alb(iL) is an abelian 
variety, it follows that G/T is an abelian variety as well. Thus, G is a semi-abelian 
variety. □ 

Remarks 5.4.7. (i) Proposition l5.4.5] fails over any imperfect field k, Indeed, as 
in Remark r5.2.3h ivl. consider the subgroup scheme G C defined by yP = x+ax^, 
where p := char(fc) and a G k\kP. Then every morphism / : —>■ G is just given 
by x{t), y{t) G k\t] such that 

y{tY = x{t) + ax{ty. 

Thus, x(t) = z{t)P for a unique z(t) G k^^P[t] such that 

y{t) = z{t) + a^/P z{t)P. 

Consider the monomial of highest degree in z{t), say a„t". If n > 1, then the 
monomial of highest degree in y{t) is a}/P qP^GP. Since a}^P ^ k and G k, this 
contradicts the fact that y{t) G k[t]. So n = 0, i.e., z{t) is constant; then so are 
x{t) and y{t). 

(ii) Consider a semi-abelian variety G and a semi-abelian subvariety H G G. 
Then the induced homomorphism between Albanese varieties, Alb(i7) —Alb(G), 
has a finite kernel that may be arbitrary large. For example, let H he a non¬ 
trivial abelian variety over an algebraically closed field; then H contains a copy of 
the constant group scheme Z/f for any prime number (. Y char(fc) (see [411 p. 64]). 
Choosing a root of unity of order £ in k, we obtain a closed immersion j '.h/£ ^ Gm 
and, in turn, a commutative diagram of extensions 

1-^ Z/£ -^ H -^ A -^ 1 

j id 

1 -s- Gm -^ G -s- A -s- 1, 

where A is an abelian variety. So G is a semi-abelian variety containing If, and the 
kernel of the homomorphism H = Alb(i7) -G Alb(G) = A is Z/£. 

(iii) Consider again a semi-abelian variety G and let C G be a subgroup 

scheme. Then is a semi-abelian variety. To see this, we may replace G, H 
with G/iJant, H/Hg^nt, and hence assume that H is affine. Let T be the largest 
torus of G, then H/T Cl H is affine and isomorphic to a subgroup scheme of the 
abelian variety G/T. Thus, H/TCiH is finite; it follows that (H/TDH)/^^ is trivial, 
and hence C T. So = (T fl is a torus. 


Next, we extend Lemma 14.1.31 to morphisms to semi-abelian varieties: 
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Lemma 5.4.8. Let X, Y be varieties equipped with k-rational points xq, yo 
and let f \ X X Y G he a morphism to a semi-abelian variety. Then we have 
identically 

f{x, y) f{x, yo)~^ f{xQ,y)~^ f{xo, yo) = e. 

Proof. We may assume that f{xo,yo) = e. Let q : G ^ A denote the 
Albanese homomorphism. By Lemma 14.1.31 we have identically 

{q o f){x, y) = {qo f){x, yo) {q o f){xo, y). 

Thus, the morphism 

ip : X xY — >G, (x, y) 1 — f{x, y) f{x, yo)~^ /(xq, y)~^ 

factors through the torus T := Ker(q). Also, we have identically p{x,yo) = 
p{xQ,y) = e. We now show that p is constant. For this, we may assume k al¬ 
gebraically closed; then T = and accordingly, tp = tpi x ■ • ■ x for some 

Pi : X X Y — >■ Gm- Equivalently, p G 0{X x Y)* (the unit group of the algebra 
0{X X E)). By [231 Lem. 2.1], there exists Ui £ 0(X)* and Vi G 0{Y)* such 
that pi{x,y) = Ui{x)vi{y) identically. As pi{x,yo) = pi{xo,y) = 1, it follows that 
Pi = 1] thus, p factors through e. □ 

Remarks 5.4.9. (i) In view of Corollary 15.4.61 and Lemma [5.4.81 every smooth 
connected algebraic group G admits a universal homomorphism to a semi-abelian 
variety, which satisfies the assertions of Proposition \4.1.4\ In particular, the ker¬ 
nel N of this homomorphism is connected. If k is perfect, then one may check 
that N = TZu{Gas) ■ T>(Gaff), where TZu denotes the unipotent radical (and V the 
derived subgroup); as a consequence, N is smooth. This fails over an arbitrary 
field k, as shown by Example 14.2.71 again (then N is the kernel of the Albanese 
homomorphism). 

(ii) More generally, every pointed variety admits a universal morphism to a 
semi-abelian variety, as follows from [531 Thm. 7] over an algebraically closed field, 
and from [621 Thm. Al] over an arbitrary field. This universal morphism, which 
gives back that of Theorem 14.1.61 is still called the Albanese morphism. 

Finally, we discuss the structure of semi-abelian varieties by adapting the ap¬ 
proach to the classification of vector extensions f 115.31) . Consider first the extensions 

(5.4.2) l^Gm^G^A^l, 

where A is a prescribed abelian variety. Any such extension yields a Gm-torsor over 
A, or equivalently a line bundle over that variety. This defines a map 

Ext^(A, Gm) —Pic(A). 

By the Weil-Barsotti formula (see e.g. [461 111.17, 111.18]), this map is injective 
and its image is the subgroup of translation-invariant line bundles over A; this 
is the group of fc-rational points of the dual abelian variety A. We may thus 
identify Ext^(A, Gm) with A(k). Also, using a Poincare sheaf, we will view the 
points of A(k) as the algebraically trivial invertible sheaves £ on A equipped with 
a rigidification at 0, i.e., an isomorphism fc G- £o- 
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Denoting by £ € A{k) the invertible sheaf that corresponds to the extension 
(j5.4.2l) , we obtain an isomorphism of sheaves of algebras over A 

OO 

q*{OG)= 0 

n— — oo 

since G is the Gm-torsor over A associated with C. The multiplication in the 
right-hand side is given by the natural isomorphisms 

^ j2^{m+n) 

For an arbitrary extension (|5.4.1|) , consider the associated extension 

(5.4.3) 1 ^ ^ Gfc, ^Ak^^l 

and denote by A the character group of T. Then the split torus is canonically 
isomorphic to Homgp.sch.(A, (Gm)*:^). Moreover, every A € A yields an extension of 
the form (|5.4.2I) via pushout by A : —>■ {Gm)ks- This defines a map 

: ExA{Ak,,TkA Homgp.(A, l(fcs)) 

which is readily seen to be an isomorphism by identifying Tk^ with (Gm)k 
accordingly A with Z". Likewise, we obtain an isomorphism of sheaves of algebras 
over Ak ^: 

(5.4.4) 7^0c(A), 

AeA 

where c : A —>• A{ks) denotes the map classifying the extension. Here again, the 
multiplication of the right-hand side is given by the natural isomorphisms 

c(A) ^Oa Ap) c(A -I- ^). 

By construction, 7 ^^ is equivariant for the natural actions of T. Composing 7 ^^ 
with the base change map Ext^(A,T) —>■ Ext^(Afe^,TfeJ (which is T-invariant), we 
thus obtain a map 

(5.4.5) 7 : Ext^(A,T) —J- Homgp (A,yl(fcs)). 

By Galois descent, this yields: 

Proposition 5.4.10. Let A be an abelian variety and T a torus. Then the map 
|5..^.5[ ) is an isomorphism. 

5.5. Structure of anti-affine groups. Let G be an anti-affine group. Re¬ 
call from Lemma 13.3.21 and Proposition 13.3.41 that G is smooth, connected and 
commutative; also, every quotient of G is anti-affine. 

Proposition 5.5.1. When char(fc) = p > 0, every anti-affine group over k is 
a semi-abelian variety. 

Proof. By Lemma [5.4.31 we may assume k algebraically closed. Using the 
isomorphism (15.3.411 . we may further assume that G lies in an exact sequence 
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where U is unipotent and A is an abelian variety. We may then choose a positive 
integer n such that the power map is zero. Then Pq factors through a morphism 
f : G/U = G. Since / is surjective and the square 



commutes, the composition q o f : A ^ A equals p\ and hence is an isogeny. Let 
B be the image of /; then B is an abelian subvariety of G, isogenous to A via q. It 
follows that G = U ■ B and 17 n i? is finite. Thus, UjU D B = G/B is affine (as a 
quotient of U) and anti-affine (as a quotient of G), hence trivial. Since U is smooth 
and connected, it must be trivial as well. □ 


Returning to an arbitrary field, we now characterize those semi-abelian varieties 
that are anti-affine: 

Proposition 5.5.2. Let G he a semi-abelian variety, extension of an abelian 
variety A by a torus T with character group A, and let c : A ^ A{ks) he the map 
classifying this extension. Then G is anti-affine if and only if c is injective. 

Proof. Since G is anti-affine if and only if Gj. is anti-affine, we may assume 
k algebraically closed. Then the isomorphism (15.4.41) yields 

0{G) = H°{A, q^Oc)) = 0 H°iA, c(A)). 

AgA 

Thus, G is anti-affine if and only if H^{A, c(A)) = 0 for all non-zero A. So it suffices 
to check that H^{A,C) — 0 for any non-zero C G A{k). 

If H'^{A,C) 0, then C = Oa{L)) for some non-zero effective divisor D on 

A. Since C is algebraically trivial, the intersection number D ■ G is zero for any 
irreducible curve G on A. Now choose a smooth point x G D„ed{k)', then there 
exists an irreducible curve G through x which intersects Dred transversally at that 
point. Then D ■ G > 0, a contradiction. □ 


Corollary 5.5.3. The anti-affine semi-abelian varieties over a field k are 
classified by the pairs (^, A), where A is an abelian variety over k and A C A{ks) 
is o P -stable free abelian subgroup of finite rank. 

If the ground field k is finite, then the group Afkg) = A{k) is the union of 
the subgroups A{K), where K runs over all finite extensions of k. Since all these 
subgroups are finite, A{ks) is a torsion group. In view of Proposition 15.5.11 and 
Corollarv l5.5.31 this readily yields: 

Corollary 5.5.4. Any anti-affine group over a finite field is an abelian variety. 

Using the Rosenlicht decomposition (Theorem 15. 1.IL this yields in turn: 

Corollary 5.5.5. Let G be a smooth connected algebraic group over a finite 
field k. Then there is a unique decomposition G = L ■ A, where L < G is smooth, 
connected and affine, and A C G is an abelian variety. Moreover, LC\ A is finite. 
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Remark 5.5.6. Returning to an abelian variety A over an arbitrary field k, 
assume that there exists an invertible sheaf £ € A(k) of infinite order (such a pair 
{A, C) exists unless k is algebraic over a finite field, as seen in Example 13.2.31) . 
Consider the associated extension 

1 —— >G —>A —1. 

Then G is anti-affine by ProDOsition l5.5.2l and hence the above extension is not split. 
In fact, it does not split after pull-back by any isogeny B ^ A: otherwise, it would 
split after pull-back hy ua ■ A ^ A for some positive integer n, or equivalently, after 
push-forward under the nth power map of Gm- But this push-forward amounts to 
replacing £ with /f®", which is still of infinite order. 

Next, we turn to the classification of anti-affine groups in characteristic 0. As 
a first step, we obtain: 

Lemma 5.5.7. Let G be a connected commutative algebraic group over a field 
of characteristic 0. Let T Q G be the largest torus and U Q G the largest unipotent 
subgroup scheme. Then G is anti-affne if and only ifG/U and G/T are anti-affne. 

Proof. If G is anti-affine, then so are its quotients G/U and G/T. Conversely, 
assume that G/U and G/T are anti-affine. Then G/G^nt • U is anti-affine, and also 
affine as a quotient of G/Gant- Thus, G = GanfU and hence G/Gant — G/C/CGant is 
unipotent. Likewise, one shows that G/Gant is a torus. Thus, G/Gant is trivial. □ 

With the notation and assumptions of the above lemma, G/U is a semi-abelian 
variety and G/T is a vector extension of A. So to complete the classification, it 
remains to characterize those vector extensions that are anti-affine: 

Proposition 5.5.8. Assume that char(fc) = 0. Let G be an extension of an 
abelian variety A by a vector group U and denote by 7 : H^(A, Oa)* U the linear 
map classifying the extension. Then G is anti-affne if and only if y is surjective. 

Proof. We have to show that the universal vector extension E{A) is anti- 
affine, and every anti-affine vector extension (15.3.511 is a quotient of E{A). 

Let V := H^{A,Oa)*] then V = E(A)aff with the notation of the Rosenlicht 
decomposition. By that decomposition, (£’(A)ant)aff C t/nE(A)aff and the quotient 
is finite. Since V nE(A)af[ is a vector group, we obtain the equality (E(A)ant)aB = 
V (b E(A)afi =: W. In view of Remark l5. 1 . 21 this yields a commutative diagram of 
extensions 

1 -^ W -^ E(A)ant -^ A -^ 1 

h id 

1-^ V -^ E(A) -^ A -^ 1, 

where l is injective. As a consequence, every extension of A by is obtained 
by pushout from the top extension, i.e., the resulting map W* —>■ Ext^(A, Ga) is 
surjective. Since the bottom extension is universal, it follows that W = V and 
E{A)ant=EiA). 

Next, let G be a vector extension of A. If G is anti-affine, then the classifying 
map 7 : E{A) —)• G is surjective by Lemma [3.3.61 The converse assertion follows 
from the fact that every quotient of an anti-affine group is anti-affine. □ 
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As a consequence, the anti-affine vector extensions of A are classified by the 
linear subspaces V C H^{A,Oa) by assigning to any such extension, the image of 
the transpose of its classifying map. Combining this result with the isomorphism 
(I5.3.4|) . Lemma [5.5.71 and Proposition 15.5.21 we obtain the desired classification: 

Theorem 5.5.9. When char(A:) > 0, the anti-affine groups are classified by the 
pairs (A, A), where A is an abelian variety over k and A C A(kg) is a T-stable free 
abelian subgroup of finite rank. 

When char(fc) = 0, the anti-affine groups are classified by the triples (A, A, P), 
where (A, A) is as above and V C H^{A,Oa) is a linear subspace. 

5.6. Commutative algebraic groups (continued). We first show that ev¬ 
ery group as in the title has a “semi-abelian radical”: 

Lemma 5.6.1. Let G be a commutative algebraic group. 

(1) G has a largest semi-abelian subvariety that we will denote by Gsab- More¬ 
over, (G/Gsab)sab is trivial. 

(2) The formation of Gsab commutes with algebraic field extensions. 

Proof. (1) This follows from the stability of semi-abelian varieties under tak¬ 
ing quotients and extensions fCorollary 15. 4. 6p by arguing as in the proof of Lemma 

I3AA1 

(2) When char(fc) = 0, the statement is obtained by Galois descent as in the 
proof of Lemma 1,3.1.41 again. When char(/c) = p > 0, we have Gant C Gsab by 
Proposition 15.5.11 also, Gsab/Gant = (G/Gant)sab as follows from Corollary 15.4.61 
again. Since G/Gant is affine, (G/Gant)sab is just its largest subtorus. As the 
formations of Gant and of the largest subtorus commute with field extensions, the 
assertion follows. □ 

Next, we characterize those commutative algebraic groups that have a trivial 
semi-abelian radical: 

Lemma 5.6.2. //char(fc) =p>0, then the following conditions are equivalent 
for a commutative algebraic group G: 

(1) Gsab is trivial. 

(2) G is affine and its largest subgroup of multiplicative type is finite. 

(3) The multiplication map nc is zero for some positive integer n. 

If in addition G is smooth and connected, these conditions are equivalent to G 
being unipotent. 

Proof. (1)=>(2) Note that Gant is trivial in view of Proposition 15 .5. Il Thus, 
G is affine. Also, G contains no non-trivial torus; this yields the assertion. 

(2) ^(3) By Theorem 15.3.11 we have an exact sequence 

1 — >M —>G — >U —^1, 

where M is of multiplicative type and U is unipotent. Then M is finite, and hence 
killed by um for some positive integer n. Also, recall that U is killed by pff for 
some m. It follows that npQ = 0. 

(3) ^(1) This follows from the fact that nn ^ 0 for any non-trivial semi-abelian 
variety H and any n ^ 0. 

When G is smooth and connected, the condition (2) implies that G is unipotent, 
in view of Theorem l5.3.1l again. Conversely, if G is unipotent, then it clearly satisfies 
the condition ( 2 ). □ 
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We say that a commutative algebraic group G has finite exponent if it satisfies 
the above condition (3). When char(fc) = 0, this just means that G is finite; when 
char(fc) > 0, this amounts to G being an extension of a unipotent algebraic group 
by a finite group scheme of multiplicative type. 

Theorem 5.6.3. Assume that char(fc) = p > 0 and consider a commutative 
algebraic group G and its largest semi-abelian subvariety Gsab- 

(1) The quotient G/Gsah has finite exponent. 

(2) There exists a subgroup scheme H C G such that G = Ggab • H and 
Gsab r\ H is finite. 

(3) If G is smooth and connected, then G/Ggab is unipotent. If in addition k 
is perfect, then we may take for H the largest smooth connected unipotent 
subgroup scheme of G. 

Proof. (1) This follows from Lemmas 15. 6. II and 15. 6. 21 

(2) By (1), we may choose n > 0 such that = 0. Then no factors 

through Gsab; also, recall that nCsab is an isogeny. It follows that G = Gsab-Ker(nG) 
and Gsab H Ker(nG) is finite. 

(3) The first assertion is a consequence of Lemma [5.6.21 again. 

Assume k perfect and consider the Rosenlicht decomposition G = Gaff • Gant- 
Then Gaff =T xU, where T is a torus and U a smooth connected unipotent group. 
Thus, G = T ■ U ■ Gant- Also, T - Gant is a semi-abelian subvariety of G; moreover, 
GjT ■ Gant is isomorphic to a quotient of t/, and hence contains no semi-abelian 
variety. Thus, T - Gant = Gsab and hence G = Gsab • U. Moreover, Gsab n G is 
clearly finite. □ 

In analogy with the structure of commutative affine algebraic groups (Theorem 
15.3.l[l . note that the class of commutative algebraic groups of finite exponent is 
stable under taking subgroup schemes, quotients, commutative group extensions, 
and extensions of the ground field. Moreover, when G is a semi-abelian variety 
and H a commutative algebraic group of finite exponent, every homomorphism 
ip : G ^ H is constant, and every homomorphism if : H ^ G factors through a 
finite subgroup scheme of G. 

Also, note the following analogue of Lemma r3.3.61 which yields that the assign¬ 
ment G !->■ Gsab is close to being exact: 

Lemma 5.6.4. Assume that char(fc) = p. Let G be a commutative algebraic 
group and H f- G a subgroup scheme. 

(1) iLsab G Gsab H H and the quotient is finite. 

(2) The quotient map q : G ^ G/H yields an isomorphism 

Gsab/Gsab n iL ^ (G/iL)sab- 

Proof. (I) This follows readily from Corollarv l5.4.6l and Lemma [5.6.II 

(2) Observe that q restricts to a closed immersion of group schemes 

i : Gsab/Gsab r\H^ G/H 

that we will regard as an inclusion. Also, by Theorem l5.6.31 the quotient G/Gsah-H 
has finite exponent. Since G/Gsab ■ H = (G/ H) /{Gsah ■ H/H) is isomorphic to the 
cokernel of t, it follows that Gsab/Gsab OiL 3 (G/iL)sab- But the opposite inclusion 
holds by Corollarv l5.4.6l again: this yields the assertion. □ 
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Remark 5.6.5. When char(fc) = 0, the quotient G/Gsab is not necessarily 
unipotent for a smooth connected commutative group G. This happens for example 
when G is the universal vector extension of a non-trivial abelian variety; then Gsab 
is trivial. 

Still, the structure of such a group G reduces somehow to that of its anti-afhne 
part. Specifically, one may check that there exists a subtorus T C G and a vector 
subgroup U C G such that the multiplication map TxU x Gant ^ G is an isogeny; 
moreover, T is uniquely determined up to isogeny, and U is uniquely determined. 

As an application of Theorem 15.6.31 we present a remedy to (or a measure of) 
the failure of Chevalley’s structure theorem over imperfect fields. To state it, we 
need the following: 

Definition 5.6.6. A smooth connected algebraic group G is called a pseudo- 
abelian variety if it does not contain any non-trivial smooth connected affine normal 
subgroup scheme. 

Remarks 5.6.7. (i) By Lemma [3. 1.41 every smooth connected algebraic group 
G lies in a unique exact sequence 

1 — >L —>G — >Q —^1, 

where L is smooth, connected and linear, and Q is a pseudo-abelian variety. 

(ii) If k is perfect, then every pseudo-abelian variety is just an abelian variety, 
as follows from Theorem l4.3.2l But there exist non-proper pseudo-abelian varieties 
over any imperfect field, as shown by Example 14.2.71 

Corollary 5.6.8. Let G be a pseudo-abelian variety. Then G is commutative 
and lies in a unique exact sequence 

(5.6.1) 1—— >G — >U —^1, 

where A is an abelian variety and U is unipotent. 

Proof. The commutativity of G follows from Corollarv l5.1.5l 

For the remaining assertion, we may assume that char(fc) = p > 0. By Theorem 
15.6.31 G lies in a unique extension 

1 > Gsab —t G — y U —> 1, 

where Gsab is a semi-abelian variety and U is unipotent. Since G contains no 
non-trivial torus, Gsab is an abelian variety. This shows the existence of the exact 
sequence (15.6. 1|) : for its uniqueness, just observe that A = Gant- Cl 

Notes and references. 

Theorem 15.1.11 is due to Rosenlicht (see [481 Cor. 5, p. 140]). This result is 
very useful for reducing questions about general algebraic groups to the linear and 
anti-affine cases; see |39j for a recent application. 

When char(A:) = p > 0, characterizing Lie algebras of smooth algebraic groups 
among p-Lie algebras seems to be an open problem. It is well-known that ev¬ 
ery finite-dimensional p-Lie algebra is the Lie algebra of some infinitesimal group 
scheme; see |221 11.7.3, 11.7.4] for this result and further developments. 

The proof of Theorem 15.2.21 is adapted from [131 Thm. 4.13]. The quasi- 
projectivity of homogeneous spaces is a classical result, see e.g. |471 Cor. VI.2. 6 ]. 
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Also, the existence of equivariant compactifications of certain homogeneous spaces 
having no separable point at infinity has attracted recent interest, see |24L 125] . 

In positive characteristics, the existence of (equivariant or not) regular projec¬ 
tive compactifications of homogeneous spaces is an open question. 

Example 15.3.21 is due to Raynaud, see |SGA3l XVII.C.5]. 

The algebraic group considered in Remark l5.4.7l fil is an example of a k-wound 
unipotent group G, i.e., every morphism ^ G is constant. This notion plays 
an important role in the structure of smooth connected unipotent groups over 
imperfect fields, see m B. 2 ]. 

The notion of Albanese morphism extends to non-pointed varieties by replacing 
semi-abelian varieties with semi-abelian torsors. More specifically, for any variety 
X, there exists a semi-abelian variety Alb)(f, an Alb^f-torsor Alb^ (over Spec(fc)) 
and a morphism 

ux '■ X —> Alb^ 

such that for any semi-abelian variety any torsor under A^, and any mor¬ 
phism / : AT —>■ , there exists a unique morphism of varieties 

: Alb^ ^ A^ 

such that g^ o ux = / and there exists a unique morphism of algebraic groups 

5 ° : Alb)^ ^ A° 

such that gi is go-equivariant (see |621 App. A]). 

The structure of anti-affine algebraic groups has been obtained in m and |52j 
independently. Our exposition follows that of m with some simplifications. 

The notion of a pseudo-abelian variety is due to Totaro in m, as well as Corol¬ 
lary [53^ and further results about these varieties. In particular, it is shown that 
every smooth connected commutative group of exponent p occurs as the unipotent 
quotient of some pseudo-abelian variety, see [571 Cor. 6.5, Cor. 7.3]). This yields 
many more examples of pseudo-abelian varieties than those constructed in Example 
14.2.71 Yet a full description of pseudo-abelian varieties is an open problem. 

6. The Picard scheme 

6.1. Definitions and basic properties. 

Definition 6.1.1. Let A be a scheme. The relative Picard functor, denoted by 
Picx/fe, is the commutative group functor that assigns to any scheme S the group 
Pic(A X S')/p 2 Pic(S'), where p 2 ■ X x S ^ S denotes the projection, and to any 
morphism of schemes f : S' ^ S, the homomorphism induced by pull-back. 

If X is equipped with a /c-rational point x, then for any scheme S, the map 
XX id :S'^Ax5'is a section oi p 2 '■ X x S ^ S. Thus, 

(x X id)* : Pic(A X S') ^ Pic(S) 

is a retraction of 

p *2 : Pic(S) ^Pic(A x S). 

So we may view Picx/fc(S) as the group of isomorphism classes of invertible sheaves 
on A X S, trivial along x x S. If in addition S is equipped with a fc-rational point s, 
then we obtain a pull-back map s* : Picx/kiS) —t Picx/fe(s) = Pic(A) with kernel 
isomorphic to Pic(A x S)/p* Pic(A) x P 2 Pic(S). Indeed, the map 

s* X X* : Pic(A X S) —^ Pic(A) x Pic(S) 
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is a retraction of 

p*xp^: Pic(X) X Pic(S') — ^ Pic(X x S). 

The kernel of s* x x* is called the group of divisorial correspondences. 

Theorem 6.1.2. Let X be a proper scheme having a k-rational point. 

(1) Picx/fe is represented by a locally algebraic group (that will still be denoted 
hy Picx/fej- 

( 2 ) UeiFicx/k)=H\X,Ox). 

(3) If H‘^{X,Ox) = 0 then Vicx/k is smooth. 

Proof. (1) This is proved in |431 11.15] via a characterization of commutative 
locally algebraic groups among commutative group functors, in terms of seven ax¬ 
ioms. When X is projective, there is an alternative proof via the Hilbert scheme, 
see [m Thm. 4.8]. 

The assertion (2) follows from |311 Thm. 5.11], and (3) from |311 Prop. 5.19]. 

□ 

With the notation and assumptions of the above theorem, the neutral com¬ 
ponent, is a connected algebraic group by Theorem 12.4.11 The group of 

connected components, 7ro(Picx/fe), is called the Neron-Severi group; we denote 
it by NSx/fe- The formation of Picx/fe commutes with field extensions; hence the 
same holds for Picx/k and NSjf/fc. Also, the commutative group NSx/fe(fc) is finitely 
generated in view of [SGA61 XIII.5.1]. 

Remarks 6.1.3. (i) For any pointed scheme (S', s), we have a natural isomor¬ 
phism of groups 

(6.1.1) Hompt.sch.(S, Picx/k) = Pic(X x S)/pl Pic(A) x p* Pic(S), 

where the left-hand side denotes the subgroup of Hom(S, Picx/k) consisting of those 
/ such that /(s) = 0, i.e., the kernel of s* : Picjf/fc(S) —Pic(A). 

(ii) If X is an abelian variety, then Pic^^;, is the dual abelian variety, X. 

Definition 6.1.4. Let A be a proper scheme over a perfect field fc, having a 
Ic-rational point. The Picard variety Pic°(A) is the reduced scheme (Picx/fe)red- 

With the above notation and assumptions, Pic°(A) is a smooth connected 
commutative algebraic group; its formation commutes with field extensions. 

Returning to a proper scheme X over an arbitrary ground field k, having a k- 
rational point, we say that the Picard variety of X exists if Pic°(A) := (Pic*^^j,)red 
is a subgroup scheme of the Picard scheme. We will see that this holds under mild 
assumptions on the singularities of X. 

6.2. Structure of Picard varieties. Throughout this subsection, we con¬ 
sider a proper variety X equipped with a fc-rational point x. 

Proposition 6.2.1. The Albanese variety of X is canonically isomorphic to 
the dual of the largest abelian subvariety o/Pic*^/;.. 

Proof. Let A be an abelian variety. Then we have 

Homgp,sch.(A,Pic'(f/fe) = Hompt.sch.(A,Pic'^/fe) 
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in view of Proposition 13.3.41 Moreover, 

Honipt.sch. Picji^^/,.) — Honipt.sch. (^, Picx//c)- 

Using the isomorphism (16.1.111 . this yields an isomorphism 

Homgp,sch.(^, Pic^//c) = Pic(A x X)l-p\ Pic(A) x -p*^ Pic(X), 

which is contravariant in A and X. Exchanging the roles of A, X and using (16.1.11) 
again, we obtain an isomorphism 

Homgp,sch.(^,Picx/fc) = Hompt,sch.(-^,PicA), 

contravariant in A and X again. This readily yields the assertion (and reproves the 
existence of the Albanese morphism in this setting). □ 

Proposition 6.2.2. When X is geometrically normal, its Picard variety exists 
and is an abelian variety. 

Proof. By Lemma 13.3.71 it suffices to show that Pic'^/;. is proper. For this, 
we may assume k algebraically closed. In view of Theorem 14.3.21 it suffices in turn 
to show that Pic)^/^. contains no non-trivial smooth connected affine subgroup. As 
any such subgroup contains a copy of Ga or Gm (see e.g. [561 3.4.9, 6.2.5, 6.3.4]), 
we are reduced to checking that every homomorphism from Ga or Gm to Pic^^^ is 
constant. But we clearly have 

Homgp sch.(^a; ^ Hompt.sch.(A ,Picx/k)- 

Moreover, 

Hompt.sch.(A\ Picx/fc) = Pic(X x A^)/p* Pic(A) 

in view of (16.1.11) and the triviality of Pic(A^). Since X is normal, the divisor class 
group C1(A X A^) is isomorphic to C1(A) via p^; moreover, for any Weil divisor 
D on X, the pull-back pl{D) is Cartier if and only if D is Cartier. Thus, the 
map pI : Pic(A) —>■ Pic(X x A^) is an isomorphism. As a consequence, every 
homomorphism Ga —t Picx/k is constant. 

Arguing similarly with Ga replaced by Gm, we obtain 

Homgp sch. (G^,Pic‘^/fc) C Pic(A X (Ai \ 0))/pI Pic(A). 

Also, the pull-back map C1(A x A^) ^ C1(A x (A^ \0)) is surjective. It follows that 
p* : C1(A) C1(A X (A^ \0)) is an isomorphism and restricts to an isomorphism on 
Picard groups. Thus, every homomorphism Gm —t PiCx/fe i® constant as well. □ 

Definition 6.2.3. A scheme X is semi-normal if X is reduced and every finite 
bijective morphism of schemes f : Y ^ X that induces an isomorphism on all 
residue fields is an isomorphism. 

Examples of semi-normal schemes include of course normal varieties, and also 
divisors with smooth normal crossings. Nodal curves are semi-normal; cuspidal 
curves are not. By m Cor. 5.7], semi-normality is preserved under separable field 
extensions. But it is not preserved under arbitrary field extensions, as shown by 
Example 16.2.51 below. We say that a scheme X is geometrically semi-normal if Xj. 
is semi-normal. 

Proposition 6.2.4. When X is geometrically semi-normal, its Picard variety 
exists and is a semi-abelian variety. 
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Proof. Using Lemma [5.6.11 we may assume k perfect. By Proposition 15.4.51 
it suffices to show that every morphism —>■ Pic^f/^ is constant. By (IB.l.ip . we 
have 

Hompt.sch.(A\Picx/fe) C Pic(X x A^)/pl Pic(X). 

So it suffices in turn to show that the map 

pI : Pic(X) —^ Pic(X X A^) 

is an isomorphism. When X is affine, this follows from [581 Thm. 3.6]. For an 
arbitrary variety X, we consider the first terms of the Leray spectral sequence 
associated with the morphism pi : X x ^ X and the sheaf O^xAi consisting of 
the units of the structure sheaf. This yields an exact sequence 

0 ^ ^ H\X X A\O^^a 0 ^ 7J«(X,i?V*(OxxA0)- 

Also, the natural map Ox —>■ Pi*(C’xxaO i® isomorphism, since = R* for 
any integral domain R. Thus, 

H\X,p,40*x^a^)) = H\X, 0*x) = Pic(X). 

Moreover, H^{X x A^,C>^^^i) = Pic(X x A^). Thus, it suffices to show that 
R^Pi^{Oxx^i) = 0. Recall that ^^Pi*(C’xxAi) sheaf on X associated with 

the presheaf U i—>■ Pic(17 x A^). When U is affine, we already saw that the map 
pI : Pic(17) —>■ Pic(17 x A^) is an isomorphism. Moreover, for any x € X and 
L € Pic(17), there exists an open affine neighborhood V of x in 17 such that L|y is 
trivial. This yields the desired vanishing. □ 

The above proposition does not extend to semi-normal schemes, as shown by 
the following: 

Example 6.2.5. Let k be an imperfect field. Set p := char(fc) and choose 
a € k\kP. Like in Remark 15.2.31 (iv), consider the regular projective curve X 
defined as the zero scheme of — xzP~^ — ax^ in P^. Then X is not geometrically 
semi-normal, since Xj, is a cuspidal curve: the zero scheme of {y — a^^^xY — xzP~^. 
We now show that is a smooth connected unipotent group, non-trivial if 

p > 3. 

The smoothness of PiCx/fc follows from Theorem 16.1.21 (3). Also, the group 
PiCx/^.(A:s) is non-trivial and killed by p when p > 3, see [321 Thm. 6.10.1, Lem. 
6.11.1]. It follows that Picx/^ is non-trivial and killed by p as well. By using the 
structure of commutative algebraic groups, e.g.. Lemma 15.6.21 this implies that 
PiCx/f. is unipotent. 

Next, we present a classical example of a smooth projective surface for which 
the Picard scheme is not smooth: 

Example 6.2.6. Assume that k is algebraically closed of characteristic 2. Let 
E be an ordinary elliptic curve, i.e., it has a (unique) fc-rational point zq of order 
2. Let F be another elliptic curve and consider the automorphism a oi E x F such 
that 

(t(z,w) = (z + zo,-w) 

identically. Then cr has order 2 and fixes no point oi E x F. Thus, there exists a 
quotient morphism 


q : E X F 


X 
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for the group {a) generated by cr; moreover, q is finite and etale, and X is a smooth 
projective surface. Denote by E/{zo) the quotient of E by the subgroup generated 
by zq. Then the projection E x E ^ E descends to a morphism 

a:X^E/{zo). 

We claim that a is the Albanese morphism of the pointed variety {X,x), where 
X := g(0,0). Consider indeed a morphism 

f-.X^ A, 

where A is an abelian variety and fix) = 0. Composing / with q yields a cr-invariant 
morphism 

g:ExF —^ A, (0, 0) i—^ 0. 

By Lemma 14.1.31 we have g(z, w) = giz, 0) -b f/(0, w) identically. Moreover, the map 
h : F ^ A, w 1 -^ g{0,w) is a homomorphism by Proposition 14.1.^ In particular, 
h{—w) = —hiw). But hi—w) = hiw) by u-invariance. Thus, h factors through the 
kernel oi 2p, a finite group scheme. Since F is smooth and connected, it follows 
that h is constant. Thus, giz, w) = giz, 0) = giz + zq, 0); this yields our claim. 
Combining that claim with Propositions 16.2.11 and 16.2.21 we see that 

Pic^iX)^ E/^)^E/izo). 

Next, we claim that the tangent sheaf Tx is trivial. Indeed, since q is etale, we 
have 

(6.2.1) q*iTx) ^ Te^f = Oexf Ofc (Lie(£;) © Lie(A)). 

These isomorphisms are equivariant for the natural action of a on Oexf and its 
trivial action on Lie(i?) © Lie(F) (recall that tr acts on E hy a translation, and on 
F by —1). Thus, we obtain 

Tx = g*(g*(Tx))<"> = g*(C>£;xE)^"^®fe(Lie(L;)©Lie(F)) ^ Ox 8 )fc(Lie(L;)©Lie(F)). 
This yields the claim. 

By that claim and the Riemann-Roch theorem, we obtain y(Ojc) = 0. Since 
h^iOx) = 1 and h?iOx) = h^i^Jx) = h^iOx) = 1, this yields h^iOx) = 2. In 
other words, the Lie algebra of Picx/fe has dimension 2; thus, PiCx/k is not smooth. 


Notes and references. 

As mentioned in the introduction, a detailed reference for Picard schemes is 
Kleiman’s article |31j : see also [9], especially Chapter 8 for general results on the 
Picard functor, and Chapter 9 for applications to relative curves. 

Proposition 16.2.21 is well-known, see e.g. [311 Thm. 5.4]. 

Proposition 16.2.41 is due to Alexeev when k is algebraically closed, see [2j 
Thm. 4.1.7]. 

Example 16.2.61 is due to Igusa, see |29] . 

Assume that k is perfect and consider a proper scheme X having a /c-rational 
point. Then the Picard variety of X lies in a unique exact sequence of the form 


(1031) . 


TxxUx^ Pic°(X) 


A 


X 


where Tx is a torus, Ux a smooth connected commutative algebraic group, and 
Ax an abelian variety. The affine part Tx x Ux has been described by Geisser 
in [26] : in particular, the dual of the character group of Tx is isomorphic to the 
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etale cohomology group {X^ ,Z) as a Galois module (see [261 Thm. 1] , and [601 
Thm. 7.1], [2 Cor. 4.2.5] for closely related results). Also, when X is reduced, Ux 
is the kernel of the pull-back map /* : Picj^/^ —>■ Picx+/fe, where / : —>• X 

denotes the semi-normalization (see [261 Thm. 3]). 

It is an open problem whether every smooth connected algebraic group G over 
a perfect field k is the Picard variety of some proper scheme X. When k is alge¬ 
braically closed of characteristic 0, one can construct an appropriate scheme X by 
using the structure of G described in 115.31 see [m Thm. 1.1]. In fact, X may be 
taken projective, and normal except at finitely many points. Yet when char(fc) > 0, 
the unipotent part of the Picard variety of a scheme satisfying these conditions is 
not arbitrary, see [121 Thm. 1.2]. 

In fact, it is not even known whether every torus is the largest subtorus of 
some Picard variety; equivalently, whether every free abelian group equipped with 
an action of the Galois group P is obtained as for some proper scheme 

X (which can be assumed semi-normal). 

In another direction, the structure of Picard schemes over imperfect fields is 
largely unknown; see [571 Ex. 3.1] for a remarkable example. 

7 . The automorphism group scheme 

7.1. Basic results and examples. Recall from H2.2l the automorphism group 
functor of a scheme X, i.e., the group functor Autx that assigns to any scheme S the 
automorphism group of the ^'-scheme X x S. We have the following representability 
result for Autx, analogous to that for the Picard scheme fTheorem l 6 . 1 . 2 l) : 

Theorem 7.1.1. Let X be a proper scheme. 

( 1 ) The group functor Autx represented by a locally algebraic group (that 
will be still denoted by Xntx)- 

(2) Lie(Autx) = H^{X,Tx), where Tx denotes the sheaf of derivations of the 
structure sheaf Ox ■ 

(3) If H^(X,Tx) = 0 , then Autx is smooth. 

Proof. (1) This is obtained in [371 Thm. 3.7] via an axiomatic characteriza¬ 
tion of locally algebraic groups among group functors, which generalizes that of 
[43] . When X is projective, the result follows from the existence of the Hilbert 
scheme. More specifically, the functor of endomorphisms is represented by an open 
subscheme Endx of the Hilbert scheme HilbxxX) by sending each endomorphism 
u to its graph (the image ofidxu:A X x X), see [331 Thm. 1.10]. Moreover, 
Autx is represented by an open subscheme of Endx in view of [331 Lem. 1 . 10 . 1 ]. 

(2) See [371 Lem. 3.4] and als o [H H.4.2.4]. 

(3) This follows from [SGAll HI.5.9]. □ 

With the above notation and assumptions, we say that Autx is the automor¬ 
phism group scheme of A; its neutral component, Autx, ^ connected algebraic 
group. The formations of Autx and Autx commute with field extensions. Eor any 
group scheme G, the datum of a G-action on X is equivalent to a homomorphism 
G —y Autx • 

Example 7.1.2. Let G be a smooth, projective, geometrically irreducible curve 
of genus g >2. Then Tc is the dual of the canonical sheaf wc, and hence deg(Tc) = 
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2 — 2g < 0; it follows that H°{C,Tc) = 0. Thus, Autc is etale; equivalently, Aut^ 
is trivial. 

In fact, Autc is finite. To see this, it suffices to show that Autc(fc) is finite; 
thus, we may assume k algebraically closed. Let / G Autc(fc) and consider its 
graph T f C C X C. Choose a point x G C{k); then Oc{x) is an ample invertible 
sheaf on C, and hence £ := Oc{x) ^ Oc{x) is an ample invertible sheaf on C x C. 
Moreover, the pull-back of £ to T/ = C is isomorphic to Oc{x + f{x)); by the 
Riemann-Roch theorem, the Hilbert polynomial P ■. n ^ x(C', Oc(n(x + f(x)))) is 
independent of /. As a consequence, Autc is equipped with an immersion into the 
Hilbert scheme Hilbcxc- Since the latter is projective, this yields the assertion. 

By the above argument, Autc is an algebraic group for any geometrically irre¬ 
ducible curve C (take for x a smooth closed point of C). 

Example 7.1.3. Let A be an abelian variety. Then the action of A on itself 
by translation yields a homomorphism 

r : A —)• Aut^ . 

Clearly, Ker(r) is trivial and hence r is a closed immersion. Since A is smooth and 
Aut^ is an irreducible scheme of finite type, of dimension at most 

h^{TA) = hP{OA ®k Lie(A)) = dimLie(A) = dim(A), 

it follows that r is an isomorphism. 

Also, one readily checks that 

Autyi = AutA.o IX A, 

where Aut^.o C Aut^ denotes the stabilizer of the origin. It follows that Aut^.o — 
7 ro(Aut^) is etale. 

If A is an elliptic curve, then AutA,o is finite, as may be seen by arguing as in 
the preceding example. But this fails for abelian varieties of higher dimension, for 
example, when A = B x B for a non-trivial abelian variety B: then Aut^ o contains 
the constant group scheme GL 2 (Z) acting by linear combinations of entries. 

Next, we present an application of Theorem [5] to the structure of connected 
automorphism group schemes. Recall that a variety X is uniruled if there exist 
an integral scheme of finite type Y and a dominant rational map x H ---» A 
such that the induced map P^ ---» X is non-constant for some y G Y. Also, X is 
uniruled if and only if Xj. is uniruled, see |33l IV. 1.3]. 

Proposition 7.1.4. Let X be a proper variety. If X is not uniruled, then 
Aut^Jf is proper. 

Proof. We may assume k algebraically closed. If Aut*^ is not proper, then 
it contains a connected affine normal subgroup scheme N of positive dimension, as 
follows from Theorem [2| In turn, the reduced subgroup scheme Vred contains a 
subgroup scheme H isomorphic to Ga or Since H acts faithfully on X, the 
action morphism H x X ^ X yields a uniruling. □ 

Example 7.1.5. Assume that k is algebraically closed of characteristic 2. Let 
X be the smooth projective surface constructed in Example 16.2.61 We claim that 
Autx is not smooth. 

To see this, recall that the tangent sheaf Tx is trivial; hence Lie(Autjf) has 
dimension 2. On the other hand, X is equipped with an action of the elliptic curve 
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E, via its action on E x F by translations on itself (which commutes with the 
involution a). This yields a homomorphism E —>■ Autx that factors through 

f : E —5- (Aut(^)red =: G. 

Since X contains an A-stable curve isomorphic to E (the image oi E x y, where 
y € F{k) and y ^ —y), the action of A on A is faithful, and hence / is a closed 
immersion. We now show that / is an isomorphism] this implies the claim for 
dimension reasons. 

First, note that every morphism —?> A is constant, since the Albanese mor¬ 
phism a : A —>■ E/{zo) has its fibers at all closed points isomorphic to the elliptic 
curve F, and E/{zq) is an elliptic curve. In particular, A is not uniruled. By the 
above proposition, it follows that G is an abelian variety. 

Combining this with Proposition 13.1.61 we see that Gq (x) is finite for any 
X € X{k). Thus, the G-orbits of fc-rational points of A are abelian varieties, 
isogenous to G. Since A is not an abelian variety (as its Albanese morphism is not 
an isomorphism), it follows that dim(G) < 1. Thus, G must be the image of /. 

7.2. Blanchard’s lemma. Consider a group scheme G acting on a scheme 
A, and a morphism of schemes f : X ^ Y. In general, the G-action on A does 
not descend to an action on Y ; for example, when G = A is an elliptic curve 
acting on itself by translations, and / is the quotient by Z/2 acting via x i—>■ Ex. 
Yet we will obtain a descent result under the assumption that / is proper and 
f*iOx) = Oy] then / is surjective and its fibers are connected by [EGAl III.4.3.2, 
III.4.3.4]. Such a descent result was first proved by Blanchard in the setting of 
holomorphic transformation groups, see [6] I.l]. 

Theorem 7.2.1. Let G he a connected algebraic group, X a G-scheme of finite 
type, Y a scheme of finite type and f : X ^ Y a proper morphism such that 

: Oy —>■ fif(Px) is an isomorphism. Then there exists a unique action of G on 
Y such that f is equivariant. 

Proof. Let a : G x X — 5> A denote the action. We show that there is a unique 
morphism h : G xY —>■ Y such that the square 

G X A—2-^ A 

idx/ / 

G xY —^Y 

commutes. By [EGAl II. 8 .11], it suffices to check that the morphism 

idx/:GxA — >GxY 


is proper, the map 

(id X f)* : Ggxt ^ (id X f).{OG>,x) 

is an isomorphism, and the composition 

foa-.GxX—>Y 


is constant on the hbers of id x /. 
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Since / is proper, id x / is proper as well. Consider the square 

G xX^^X 

idx/ / 

GxY Y, 

where px, Py denote the projections. As this square is cartesian and both horizontal 
arrows are flat, the natural map 

P*Yf*iOx) (id X f).p*x{Ox), 

is an isomorphism, and hence so is the natural map Oqxy (id x /)*(Ogxx)- We 
now check that /oa is constant on the fibers of id x / . Let AT be a field extension of 
k and let g € G{K), y £ Y{K). Then the fiber of id x / at {g,y) is just g x f~^{y). 
So it suffices to show that the morphism 

h:GKxf~\y) — >Yk, (g,a;)i— >f{g-x) 

is constant on g x f~^{y). But this follows e.g. from the rigidity lemma 13.3.31 
applied to the irreducible components of f~^{y), since h is constant on e x f~^{y), 
and f~^{y) is connected. 

It remains to show that a is an action of the group scheme G. Note that e acts 
on X via the identity; moreover, the composite morphism of sheaves 

Ov ^ 6 *(Ogxf) b.iOexY) = Oy 

is the identity, since so is the analogous morphism 

Ox a^tiPcxx) ^ ^ a*{.Oexx) = Ox 

and ft,{Ox) = Oy- Likewise, the square 

GxG X r X Y 

mxid b 

G xY - - - 

commutes on closed points, and the corresponding square of morphisms of sheaves 
commutes as well, since the analogous square with Y replaced by X commutes. □ 

Corollary 7.2.2. Let f : X ^ Y be a morphism of proper schemes such that 
f^ : Oy —>■ ft,{Ox) is an isomorphism. 

(1) / induces a homomorphism 

ft, : Autx —Auty . 

(2) If f is birational, then ft, is a closed immersion. 

Proof. (1) This follows readily from the above theorem applied to the action 
of Aut^ on X. 

(2) By Proposition 12.7.11 it suffices to check that Ker(/*) is trivial. Let S 
be a scheme and u £ Aut'^(S') such that /*(u) = id. As / is birational, there 
exists a dense open subscheme V C Y such that / pulls back to an isomorphism 
f~{V) —>■ V. Then u pulls back to the identity on f~^{V) x S. Since the latter is 
dense in A x S', we obtain tt = id. □ 
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The above corollary applies to a birational morphism f : X ^ Y, where X and 
Y are proper varieties and Y is normal: then : Oy f*{Ox) is an isomorphism 
by Zariski’s Main Theorem. 

Corollary 17.2.2r il also applies to the two projections pi : X x Y X and 
P2 '■ X X Y ^ Y, where X, Y are proper varieties: then 0(X) = k = 0{Y) and 
hence Pi*{Oxxy) = Ox, P2 *{Oxxy) = Oy in view of Lemma [2.3.31 This implies 
readily the following: 

Corollary 7.2.3. Let X, Y be proper varieties. Then the homomorphism 
Pi* X p2* : Aut^^y —>■ Aut*^ X Auty 
is an isomorphism with inverse the natural homomorphism 

Aut^ X Aut^ —5- Aut^^^., (u, v) I—((x, y) i-a {u{x), v{y))). 

7.3. Varieties with prescribed connected automorphism group. 

Theorem 7.3.1. Let G be a smooth connected algebraic group of dimension n 
over a perfect field k. Then there exists a normal projective variety X such that 
G = Aut*^ and dim(A') < 2n + 1. 

The proof will occupy the rest of this subsection. We will use the action of 
GxG on G via left and right multiplication; this identifies G with the homogeneous 
space (G x G)/diag(G), and e to the base point of that homogeneous space. By 
Theorem l5.2.21 we may choose a projective compactification T of G which is G x G- 
equivariant, i.e., Y is equipped with two commuting G-actions, on the left and on 
the right. We may further assume that Y is normal in view of Proposition 12.5.11 

Denote by Autp the centralizer of G in Auty relative to the right G-action. 
Then Auty is a closed subgroup scheme of Auty by Theorem 12.2.61 Also, the left 
G-action on Y yields a homomorphism 

if : G —y Auty . 

Lemma 7.3.2. The above map ip is an isomorphism. 

Proof. Since the left G-action on itself is faithful, the kernel of p is trivial 
and hence is a closed immersion. We show that p is surjective on A:-points: if 
u G Auty(fc), then u stabilizes the open orbit of the right G^-action, i.e., G^. As 
u commutes with that action, it follows that the pull-back of u to G^ C is the 
left multiplication by some g € G{k). Since G^ is dense in Y^, we conclude that 
u = p{g). 

As G is smooth, it suffices to check that Lie((/3) is an isomorphism to complete 
the proof. We have Lie(Auty) = H^{Y, Ty)^ = Der‘^(Gy), where Der(Gy) denotes 
the Lie algebra of derivations of Oy, and Der‘^(Gy) the Lie subalgebra of invariants 
under the right G-action. Moreover, the pull-back j : Der(Oy) Der(G( 3 ) is 
injective by the density of G in Y. Also, recall that Der^{OG) = Lie(G) and this 
identifies the composition j o ljie{p) with the identity of Lie(G). This yields the 
desired statement. □ 

For any closed subscheme F C G, we denote by Auty the centralizer of F in 
Auty, where F is identified with e x F C e x G. Then again, Auty is a closed 
subgroup scheme of Auty; we denote its neutral component by Auty’°. 
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Lemma 7.3.3. With the above notation, there exists a finite Stale subscheme 
F c G such that Auty° = Auty’°. 

Proof. Since G is smooth, G(k) is dense in Gj. and hence the above lemma 
yields an isomorphism Gj. = Aut^^^^(y’^) with an obvious notation. Consider the 
family of (closed) subgroup schemes Auty’° C Auty_, where F runs over the finite 
subsets F C G{k), stable by the Galois group P. Since Aut^^ is of finite type, we 
may choose F so that Aut^^^ is minimal in this family. Let be a P-orbit in G(k), 

then Auty_^^’° C Aut^’° and hence equality holds. Thus, Auty^° = Auty_^*^’° = G^. 
This yields the assertion by using the bijective correspondence between finite etale 
subschemes of G and finite T-stable subsets of G(k). □ 

Next, consider the diagonal homomorphism Aut^ —S’ Auty x Auty. By Corol¬ 
lary [7jl^ we may identify the right-hand side with Auty^^y; this yields a closed 
immersion of algebraic groups 

A : Auty —Auty^y . 

Also, for any finite etale subscheme F C G, the morphism 

T : P X F —Y xY, {g, x) i—>■ (x, g ■ x) 

is finite, and hence we may view its image Z as a closed reduced subscheme of 
Y X Y. Note that Z is stable by the G-action via A o (p- also, Zj. is the union of 
the graphs of the automorphisms g € F{k) of F. 

Lemma 7.3.4. Keep the above notation. 

(1) A identifies Auty with Auty^y diag(v) neutral component of the sta¬ 
bilizer of the diagonal in Autvxv^- 

(2) If F is a finite Stale subscheme of G that satisfies the assertion of Lemma 
1 7. 3. 3\ and contains e, then A identifies p(G) with Auty^yzred ^6“ 
duced neutral component of the stabilizer of Z in Autvxvj. 

Proof. (1) Just observe that for any scheme S and for any u,v € Autx(<5'), 
the automorphism u x v oi {X x S) xs (X x S) stabilizes the diagonal if and only 
if u = u. 

(2) We may assume k algebraically closed; then we may view P as a finite 
subset of G{k). Also, by Proposition 12.5.11 the reduced subgroup Auty^y^z^red 
stabilizes the graph P/ of any f G F, since these graphs form the irreducible 
components of Zj.. Now observe that for any scheme S and for any f,gG Autx(<5'), 
the automorphism g x g oi {X x S) x s {X x S) stabilizes P/ if and only if g commutes 
with /. Thus, A identifies </j(G) with Autyxy_z,red- 

We now choose a finite etale subscheme F C G that satisfies the assumption of 
Lemma 17.3.31 and contains e. Denote by 

f :X —^ F X F 

the normalization of the blowing-up of F x F along Z. Then the G-action on F x F 
via Ao if lifts to a unique action on A; in other words, we have a homomorphism 

r-.G^ Aut^ . 
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As / is birational, /* is a closed immersion by the argument of Corollarv l7.2.2l fiiV 
Also, y X y is normal, since Y is normal and k is perfect. Thus, the above corollary 
yields a closed immersion 

/* : Autjjf y Auty^^y^. 

Moreover, the composition /* o /* is an isomorphism of G to its image (A o ip){G), 
since / is birational. We will identify G with its image, and hence /* o /* with id. 

Consider hrst the case where char(A:) = 0. Then Aut*^ is smooth and hence 
stabilizes the exceptional locus E C X of the birational morphism /. As a conse¬ 
quence, the action of Aut^ on y x y via /, stabilizes the image f{E) cYxY. If 
in addition n > 2, then f{E) = Z and hence /* sends Aut^ to Auty^y^, i.e. to 
G by Lemma 17.3.41 It follows that /* is an isomorphism with inverse /*. 

If n = 1, then E is empty. We now reduce to the case where n = 2 as follows: we 
choose a smooth, projective, geometrically integral curve G of genus > 1, equipped 
with a fc-rational point c. Then Aut^ ^ is trivial, as seen in Examples 17.1.21 and 
17.1.31 Using Corollarv l7.2.31 it follows that the natural map 

Aiit° 

AUCyxy_2 y A'i^YxYxC,Zxc 

is an isomorphism; by Lemma 17.3.41 this yields an isomorphism 

G = AutyxYxC.Zxc • 

Also, note that y x y x C is a normal projective variety. We now consider the 
morphism f':X'^Y x Y x C obtained as the normalization of the blowing-up 
along Z X c. Since the latter has codimension 2 in y x y x C, the exceptional 
locus E' C X' satisfies f'{E') = Z x c. So the above argument yields again that 
/'* is an isomorphism with inverse /'. This completes the proof of Theorem 17.3.11 
in characteristic 0. 

Next, assume that char(fc) = p > 0. We will use the following additional result: 

Lemma 7.3.5. Let f : X ^ Y x Y be as above and assume that n — 1 is not a 
multiple of p (in particular, n>2). Then the differential 

Lie(/*) : Lie(G) ^ Lie(Aut^) 

is an isomorphism. 

Proof. As Lie(/*) oLie(/*) = id, it suffices to show that the image of Lie(/,) 
is contained in Lie(G). For this, we may assume that k = k. We may thus view E 
as a finite subset of G(fc) containing e. 

We will use the action of Lie(Autx) = Der(Gx) on the “jacobian ideal” of /, 
defined as follows. Recall that the sheaf of differentials, = 2'diag(x)/2|iag(x) 
is equipped with a linearization for Autx (see [SGA31 1.6] for background on 
linearized sheaves). Likewise, Uy^y is equipped with a linearization for Autvxy 
and hence for Aut^ acting via /*. Moreover, the canonical map 

/*(Uyxy) 

is a morphism of Aut^f-linearized sheaves, since it arises from the canonical map 
/“^(Idiag(yxy)) Tdiag(A)- Denoting by 2nth exterior power of Dy^y 

and defining likewise, this yields a morphism of Aut*](^-linearized sheaves 
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and in turn, a morphism of Aut^-linearized sheaves 

Hom{n^^,nn^y\Y)) End{V?^). 

The image of this morphism is an Aut^-linearized subsheaf of the sheaf of 
algebras End{ft^). In particular, for any open subvariety U of X, the Lie algebra 
Der(Ojc) acts on the algebra End(fl^) by derivations that stabilize T{U,Jf). 

Denote by Yreg C Y the regular (or smooth) locus and consider the open 
subvariety V C y).gg x Dreg consisting of those points that lie in at most one graph 
Lg, where g G E. Then Z fl V is a disjoint union of smooth varieties of dimension 
n, and is dense in Z. Let U := then the pull-back 

fu-.U^V 

is the blowing-up along Z CiV, and hence U is smooth. Thus, the sheaf is 
invertible and is just a sheaf of ideals of Ojj- A classical computation in local 
coordinates shows that = Ou{—in — 1)A), where E denotes the exceptional 
divisor of fu- Hence we obtain an injective map 

Der(Ox) ^ BeT{Ou,Jfu) = BeT{Ou,Ou{-{n - 1)E)) 

with an obvious notation. Since n — 1 is not a multiple of p, we have 

BeiiOu, Ou{-{n - 1)E)) = BeT{Ou,Ou{-E)). 

(Indeed, ii D G Der((!I[/, 0[/(—(n — l)E))) and z is a local generator of Ou{E) at 
X € X, then I?(z"“^) = [n — l)z"“^D(z) G z"~^Ox,x and hence D{z) G zOx,x)- 
Also, the natural map 

Der(C>; 7 ) —Der(/; 7 *(C>; 7 )) = Der(C>y) 

is injective and sends T)e^{Ou,Ou{—E)) to T)e^{Ov, fu*{Ou{—E))). Moreover, 
fu*{E>u{—E)) is the ideal sheaf of Z n H, and hence is stable by Der(Ox) acting 
via the composition 

Der(C>x) —S' Der(/4C>x)) = Der(e)yxv) —S' Der(e)y). 

It follows that the image of Lie(/*) stabilizes the ideal sheaf of the closure of Zn H 
in F X y, ie., of Z. By arguing as in the proof of Lemma (7.3.41 (2), we conclude 
that Lie(/*) sends Dei{Ox) to Lie(G). □ 

As /* is a closed immersion and G is smooth, the above lemma completes the 
proof of Theorem 17. 3. II when p does not divide n — 1. Next, when p divides n — 1, 
we replace Y xY (resp. Z) with Y xY x C (resp. Z x c) for a pointed curve (G, c) 
as above. This replaces the codimension n of Z in F x F with n -|- 1, and hence we 
obtain a normal projective variety X' of dimension 2n + 1 such that G = Aut^/. 

Remarks 7.3.6. (i) For any smooth connected linear algebraic group G of 
dimension n, there exists a normal projective unirational variety of dimension at 
most 2n-|-2 such that G = Aut*^. Indeed, the variety G is unirational (see |SQA31 
XIV.6.10]) and hence so is F x F with the notation of the above proof. Also, in 
that proof, the pointed curve (G, c) may be replaced with a pair (S', G), where S 
is a smooth rational projective surface such that Autg is trivial, and G C S is a 
smooth, geometrically irreducible curve. Such a pair is obtained by taking for S the 
blowing-up of at 4 points in general position, and for G an exceptional curve. 
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(ii) If char(fc) = 0 then every connected algebraic group G is the connected au¬ 
tomorphism group of some smooth projective variety, as follows from the existence 
of an equivariant resolution of singularities (see [341 Prop. 3.9.1, Thm. 3.36]). 

(hi) Still assuming char(fc) = 0, consider a finite-dimensional Lie algebra g. 
Then g is algebraic if and only if g = Der(C>x) for some proper scheme X, as 
follows by combining Corollarv l5.1.61 Theorem 17.1.11 and Theorem 1 7.3. 11 Moreover, 
X may be chosen smooth, projective and unirational by the above remarks. 

Notes and references. 

Most results of are taken from m- Those of il7.2l are algebraic analogues 
of classical results about holomorphic transformation groups, see [I 2.4]. 

In the setting of complex analytic varieties, the problem of realizing a given Lie 
group as an automorphism group has been extensively studied. It is known that 
every finite group is the automorphism group of a smooth projective complex curve 
(see [28]); moreover, every compact connected real Lie group is the automorphism 
group of a bounded domain (satisfying additional conditions), see O I51j . Also, 
every connected real Lie group of dimension n is the automorphism group of a 
Stein complete hyperbolic manifold of dimension 2n (see [611 l30j L Theorem l7.3.11 
obtained in m Thm. 1], may be viewed as an algebraic analogue of the latter 
result. The proof presented here is a streamlined version of that in m 

There are still many open questions about automorphism group schemes. For 
instance, can one realize any algebraic group over an arbitrary field as the full 
automorphism group scheme of a proper scheme? Also, very little is known on the 
group of connected components 7ro(Autx)) where A is a proper scheme, or on the 
analogously defined group 7ro(Aut(M)), where M is a compact complex manifold 
(then Aut(M) is a complex Lie group, possibly with infinitely many components). 
As mentioned in [15j . it is not known whether there exists a compact complex 
manifold M for which 7ro(Aut(M)) is not finitely generated. 

Note added in proof: such an example (with M projective algebraic) has been 
constructed by John Lesieutre, see arXiv:1609.06391. 
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